THE 


PHYSICAL SOCIETY 


OF 


LONDON. 


PROCEEDINGS. 


VOLUME XXVII.— PART II. 


FEBRUARY 15, 1915. 


Price to Non-Fellows, 4s, net, post free 4/3. 


Annual Subscription, 2O/= post free, payable in. advance 


Published Bi-Monthly from December to A ugust. 


se LONDON: 
“THE ELECTRICIAN” PRINTING & PUBLISHING CO., LTD., 
1, 2 anb 3, SaLispury Court, FLunt STREET, 


ee N tey AED. 


THE PHYSICAL SOCIETY OF LONDON. 


1915-16. 


OFFICERS AND COUNCIL. 


President. 
SIR J, J. THOMSON, O.M., D.Sc., F.B.S. 


Vice-Presidenis. 
WHO HAVE FILLED THE OFFICE OF PRESIDENT. 


PROF. G. C. FOSTER, D.Sc., LL.D., F.R.S. 
PROF. W. G. ADAMS, M.A-, F.R.S. 
PROF, R. B. CLIFTON, MLA., F.R.S. 

~ PROF, A. W. REINOLD, C.B., MA., F.R.S. 
PROF. SIR ARTHUR W. RUCKER, MA., D.Sc., E-R.S.. ~ 
SIR W. pe W. ABNEY, R.E., K.C.B., D-C.L., F.R. 
PRIN. SIR OLIVER J. LODGE, D.Se., LL.D., F,R.S. 
PROF. SILVANUS P. THOMPSON, D.Sc., F.R.S. 


“| R. T.GLAZEBROOK, ©.B, D.S¢., F.R.S. 


-~PROF. J; PERRY, D-Se., F.R.S. 
- C. CHREE, Sc.D., LL.D.,- F.R.S. . 

PROF, H. L. CALLENDAR, M.A., LL.D., F.R-S. 
_-PROF. A. SCHUSTER, Px.D., Sa.D., F.R.S. 


Vice-Presidents. 
W. _R. COOPER, M.A., B.Sc. 
A. RUSSELL, M.A., D.Sc. 
F..E. SMITH. 
R. 8S. WHIPPLE. ‘ 


Secretaries. 
8S. W. J. SMITH, M.A., D.Sc., F.RS. 
Imperial College of Science and Technology, South Kensingion. 
W. ECCLES, D.Se:, ~ 
26, Ridgmount Gardens, W.C. : 


Foreign Secretary. 
R. T. GLAZEBROOK, ©.B., D.Sc., ERA. 


Treasurer. 
W. DUDDELL, F.R.S, 
56, Vietoria Street, S.W. 


Librarian. 
8. W.J. SMITH, M.A., D.Se., F.R.S, Thos 5 
Imperial College of Science and Technology. Ss AED 


Other Members of Council. 
S. D. CHALMERS, M.A, 
PROF, G. W. 0. HOWE, M.Sc. ea Y 
PROF, J. W. NICHOLSON, M.A., D.Sc. Se 
MAJOR W. A. J. O’MEARA, G.ALG, =e 
C. C. PATERSON. . -< 
CG. B. S*PHILLIPS, F.R.S 2 ’ 
PROF. A. W. PORTER, B Sos ERS ees 
PROF. 0. W. RICHARDSON, MA. D.Sc, ERS. Sie 
PROF. THE HON. R. J. STRUTT, E.R.S, oe 
W. EB. SUMPNER, D.So. Peo ae. 


APPARATUS FOR CLASS WORK. 119 


VIII. Exhibition and Description of some Apparatus for Class 
Work wm Practical Physics. By Dr. G. F. C: Suarie, 
F.RS., University Lecturer in Experimental Physics, 
Cambridge. 


Dr. Searze exhibited and described the apparatus used for 
the following experiments in his class at the Cavendish Labora- 
tory, Cambridge. The methods are briefly described in the 
following abstracts ; the references indicate where fuller in- 
formation may be found. In a few cases the complete Papers 
have not been published at the date of publication of these 
abstracts, but it is hoped that they will be published during the 
year 1915. The titles of these Papers are distinguished by 
‘an asterisk (*). : 


1. An Experiment on the Harmonic Motion of a Rigid Body.* 
The experiment is designed to illustrate the formula 


T=22,/K/, 


where T seconds is the periodic time of a rigid body of moment 
‘of inertia K grm.cm.? which is suspended from a fixed support 
by a torsion wire exerting a restoring couple of « dyne-cm. per 
radian. When jis to be found, a vertical cylinder is attached 
to the lower end of the wire and two threads are wound round 
the cylinder. These threads pass over ball-bearing pulleys 
and support known masses. The angular deflexion of the 
cylinder caused by the masses is measured with a goniometer by 
the method of auto-collimation. An inertia bar of known 
moment of inertia K is then substituted for the cylinder and 
the periodic time is observed. (‘ Proc.” Cambridge Phil. 
Soc., Vol. XVIII, p. 31; also ‘‘ Experimental Harmonic 
Motion,” Cambridge University Press, 1915. This small 
manual is similar in character to the author’s “‘ Experimental 
Elasticity.’’) 


2. Determination of Gravity by a Rigid Pendulum.* 


The periodic time, T, of a rigid pendulum vibrating about a 
horizontal axis (knife edge) is given by 


Toon Me, eee. tN) 


where K is the moment of inertia of the pendulum about its 
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axis of suspension, his the distance of the centre of gravity from 
that axis and Mis the mass of the pendulum. Since K cannot 
be satisfactorily calculated from the mass and dimensions of 
the pendulum, K must be found in some other way. By the 
theorem of parallel axes, 

K=Ky EMP ica aa ye 
where K, is the moment of inertia of the pendulum about an 
axis through its centre of gravity parallel to the knife edge. 

To determine Ko, the pendulum is suspended from a torsion 
wire by aid of a simple stirrup so that the rod of the pendulum 
is horizontal. The periodic time, To, of the torsional vibra- 
tions is found. An inertia bar of calculable moment of inertia 
K, is then attached to the torsion wire in place of the stirrup 
and pendulum and the periodic time, T,, is observed. Then 

\Ky=K,T,?/T,?. 
This value of Ky is used in (2) and so Kis found. The distance 
h is found by balancing the pendulum on a fulerum. (Searle, 


‘Experimental Harmonic Motion,” Cambridge University 
Press, 1915.) 


3. Determination of Poisson’s Ratio for Indiarubber.* © 
Let the length of a tube of circular section be /, let its internal 
radius be r, and let its internal volume be v, so that v=alr*. 
Let the length be shghtly increased so that 1 becomes U’, r 
becomes 7’ and v becomes v’. Then, if « is Poisson’s ratio, 


FN fee fe) 
o 2! ee 


For infinitesimal changes we have 


eee od 
o it os a} 

An indiarubber tube is used. The lower end is closed by a 
solid plug; in the upper end a glass tube of small bore is in- 
serted. The distance between the end of the plug and that of 
the glass tube is taken as 1. The indiarubber and glass tubes 
contain water, and the change in the position of the meniscus 
when the rubber tube is stretched is observed. From the 
resulting curve the value of dv/dl is obtained. Proper clamps 
are provided for securing the rubber tube to the plug and to the 
glass tube, and other fittings allow these clamps to be held in 
position on a vertical steel rod. Scales for reading J and the 
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position of the meniscus are provided. The value of o is about 
0-47. (Searle, “ Experimental Elasticity,” second edition, 
1915.) 


4. Two Methods of Measuring the Surface Tension of Spherical 
Soap Films. 


In one method the pressure excess due to a curved soap film 
is measured by aid of what may be called a “ viscosity poten- 
tiometer.” Air from a gasometer or a gas-bag flows through 
two tubes, AB, BC, in series. The pressure at Ais measured by 

-amanometer ; the end Cis open to the air. From the junction 
B a side tube leads to a cup with a horizontal circular rim on 
which a soap film is placed. On account of the viscosity of the 
air, there is a fall of pressure along each flow tube. Fora given 

flow of air, the fall of pressure in either tube is proportional to 
the length of the tube and inversely proportional to the fourth 
power of its internal radius. The excess of the pressure at B 
over that of the atmosphere causes the film to become part of 
a sphere. From the distance of the highest point of the film 
above the plane of the rim and from the radius of the rim, the 
radius, r, of the film can be computed. If the length of the 
tube AB be 1,, and its internal radius be a,, and if J, and a, be 
the length and radius of BC, and if the pressure excess at B 
be p, and that at A be p,; then 

es ey Hg geo tea) 

Pp 2; 

from which p, can be found; p, in the experiment shown 

corresponded to about 0-03 em. of water. The surface tension, 

T, of the film is then found from 4T=rp,. It is assumed in (1) 

that the variation of density of the air along ABC is negligible. 

In the second method the pressur2 excess is measured by a 
device employed by Mr. J. D. Fry in the calibration of his 
micro-manometer (“ Phil. Mag.,” April, 1913, p. 494). The 
method depends upon the difference of density between cold 
and hot air at the same pressure. A metal tube, ABCD, has 
the two parts, AB, CD, each a few centimetres long, _at right 
angles to the main portion BC, which is about 1 metre in length. 

This bent tube is surrounded by a second tube, which is used 

as a steam jacket for heating the tube ABCD. The parts AB, CD 
are horizontal and the tube may, if desired, be rotated about 

CD as a horizontal axis. The inner tube passes out of the steam 

jacket through rubber bungs. The opening D is connected by 
12 
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a horizontal rubber tube to a cup with a cylindrical rim on 
which a film is formed; the lower end A is open to the atmos- 
phere. If A is at a depth z below D, the pressure excess, p, 
within the bubble is given by 

P=92(P1— G2), 
where the densities 9, and p, of the cold and hot air are given by 


01=poPto/ poly; P2=PoPto/ Pols. 


Here 9 is the density ot air at normal pressure pp and normal 
absolute temperature f)”, P is the atmospheric pressure at the 
time of the experiment, ¢, is the atmospheric temperature near 
the tube and ¢, is the temperature of the steam. The radius, 
r, of the bubble is measured and the surface tension is caleu- 
lated by T=irp. (“ Proc.,” Cambridge Phil. Soc., Vol. 
XVII., p. 285.) 


5. A Simple Viscometer for Very Viscous Liquids. 


If the space between two coaxial cylinders of radii a, b, and 
of length h be filled with viscous liquid, the viscosity mw is given 
in terms of the couple G, which maintains the inner cylinder 
in motion about its axis with angular velocity @ relative to the 
outer fixed cylinder, by the equation 


_ G(a*—6?) (l) 
Oe sxlt SS eee 


The apparatus exhibited to the Society is adapted for finding 
the viscosity of treacle. The axes of the cylinders are vertical 
and the outer cylinder is fixed. The inner cylinder is carried 
by an axle furnished at each end with a pivot working in a fixed 
bearing. Two threads wound round a drum fixed to the axle 
pass over ball-bearing pulleys and support weights which drive 
the inner cylinder round at a slow speed when the space between 
the cylinders contains treacle. The angular velocity is found 
to be proportional to the driving couple. 

Means are provided for varying the length of the inner 
cylinder which is exposed to the action of the treacle and in 
this way a correction is found for the lower end, where the 
motion of the liquid differs from that contemplated in the — 
theory leading to (1). The arrangement is self-contained so as 
to avoid the changes of temperature which would result if fresh 
treacle were added to the system. When the correction has 
been found, the value of w can be found from the equation. 
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« At 12°C. the viscosity of treacle is about 400 in C.GS. units, 
and that of “ golden syrup ” is about 1,000; the viscosity of 
water at the same temperature is 0-0146. (‘ Proc.,” Cambridge 
Phil. Soc., Vol. XVI., p. 600.) 


6. Experiments with a Prism of Small Angle. 


When a ray in a principal plane passes nearly symmetrically 
through a prism of small angle 7 radians placed in air, the 
deviation, D,, is nearly independent of the angle of incidence 
~ and has the approximate value 


Di eee eit 


where wv is the refractive index ot the prism. 
If the prism is placed symmetrically in a tank with parallel 
glass ends, the deviation is 


13 (idee rts oS) 0 8 tie <2) 


where j, is the retractive index of the liquid contained in the 
tank. 

The cross-wire of a collimator set for “infinity ” is ilum- 
inated by sodium light. The direction of the emergent rays 
corresponding to the cross-wire is observed by a goniometer, 
the image of the collimator wire being focussed on the cross- 
wire of the goniometer. 

The difference of deviation observed when the prism is 
turned in air from one position of minimum deviation to the 
other gives 2D,, and the corresponding difference when the 
prism is immersed in the liquid gives 2D,. If a liquid of known 
index, such as water, is used, (1) and (2) give the angle of the 
prism and its refractive index. When these have been found, 
the refractive index jw, of any other liquid can be found from 
the deviation D; observed wher the tank contains that hquid. 


« ? 


Thus Deli ein hob eee (8) 
The prisms supplied by opticians for use in spectacles are 
suitable for this experiment. (‘ Proc.,” Cambridge Phil. 
Soc., 1915.) 


7. Revoluing Table Method of Determining the Curvature of 
Spherical Surfaces. 


In this method, designed by the author in conjunction with 
Mr. A. GC. W. Aldis and Mr. G. M. B. Dobson, the radius of a 


124. DR. G. F. C. SEARLE ON 


spherical reflecting surface is found directly from two readings 
on a straight uniformly divided scale, without corrections or 
calculations of any sort. 

A table turning about a vertical axis is required ; the plane 
of the top of the table is normal to the axis of revolution, and 
the top carries a straight scale, against which slides a carriage 
bearing the spherical surface. When the apparatus is in 
adjustment, the straight line described by the centre of curva- 
ture of the spherical surface, when the carriage slides along 
the scale, intersects the axis of revolution of the table. The 
position of the carriage relative to the table top, when the 
centre of curvature lies on the axis of revolution of the table, 
will be called the first position. It the table be turned through 
any angle about the vertical axis, when the carriage is in the 
first position, the only effect of the motion is to substitute one 
part of the spherical surface for another. Hence, if rays from 
an object fall upon the surtace, the reflected rays will be un- 
affected by the motion. This furnishes a means of setting the 
surface in the first position. 

The carriage is now moved into a second position, in which 
the vertical axis of the table is a tangent line to the spherical 
surface. If, now, the table be turned about its axis, a grain of 
lycopodium placed on the surface at the point of contact of the 
vertical tangent line will remain stationary. 

The radius of curvature of the surface is given by the differ- 
ence of the two scale readings of the carriage in the first and 
second positions. 

The adjustments of the surface to be tested are facilitated by 
the use of a small lathe head to form the “ carriage.” (‘ Phil. 
Mag.,” February, 1911, pp. 218-224. Also “ Proceedings ” of 
the Optical Convention, Vol. IL, p. 161, 1912.) 


8. Experiments Illustrating Flare Spots in Photography. 

When light from a point S$ falls on a simple thin lens of focal 
length /, most of it passes through the lens, and forms an 
image of S. But some of the light suffers two reflections 
within the lens, and this light gives rise to a second image of S 
of small intensity, the corresponding focal length being 
(u—1)f/(3u—1), where yw is the refractive index. This image 
is called a“ flare spot.’” When two lenses are used there are 
81x flare spot images of any object formed by twice reflected 
rays, and with ¢ lenses there are ¢(2t—1) such images. : 

Tn the case of two thin lenses AB (radii a, b) and CD (radii 


APPARATUS FOR CLASS WORK. 125 


¢, d) placed with the faces B, C in contact, the “‘ powers ” for 
the six flare spots are as follows, where the subscript letters 
indicate the surfaces at which reflection has occurred :— 


P,-=M-+4N,, P.s=M+N,+W, 
P,,=M,+N,4 W, P.=M+N+W, 
P4=M,+N+W, P,,=M,N. 


Here M is the “ power ”’=(focal length)-1 of AB, and M, is 
the power of AB for the flare spot when AB is used alone, and 
N and N, are the corresponding powers of CD. Also W=—2 
(1/b-+-1/c). Each radius is counted positive when the corre- 
sponding surface is convex. Following the rule of the prac- 
tical opticians, the focal length of a converging lens is counted 
positive. 

If each of the two lenses is a converging meniscus, M, M,, 
N, N, are positive, and W is also positive if the concave sur- 
faces face each other. In this case the system has:a positive 
power for each of the six flare spots, and thus six real flare spot 
images of a real object can be formed. “ Periscopic ” spec- 
tacle lenses are convenient for the experiment. The values of 
the five quantities M, M,, N, N,, W are found by experiment, 
and the six powers P,., &c., are calculated from them. The 
values are found to be in good agreement with the six powers 
found when the complete system of two lenses is used. 

If a suitable converging lens is placed between the two 
meniscus lenses, the 15 secondary images are easily seen. 
(“ Proc.,” Cambridge Phil. Soc., Vol. XVIT., p. 205.) 


9. Determination of the Effective Aperture of a Photographic 
Lens.* 


The stops of a lens are marked with such symbols as //8. 
The symbol //8 means that the effective diameter of the stop is 
one-eighth of the focal length of the lenssystem. The effective 
diameter of the stop is not the diameter of the hole in the dia- 
phragm, but is the diameter of that incident beam of rays 
parallel to the axis which in its passage through the system 
exactly fills the opening in the actual diaphragm. 

When the stop is placed in front of the lens system, its 
effective diameter is simply equal the actual diameter of the 
stop itself. 

In most cases the stop Sis placed between the components of 
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the lens system. Let T be the image of S formed by the front 
lens L. Then S is also the image of T, and a ray, RQ, which 
before incidence on Lis parallel to the axis, and is directed to a 
point, Q, on the edge of T, will, after passing through L, pass 
through P, the corresponding point on the edge of 8. Hence, 
the distance of RQ from the axis, and, therefore, the radius of 
T, is equal to the effective radius of the stop. 

The effective diameter may be measured by a microscope 
mounted on a sliding carriage. The axis of the microscope is 
parallel to the axis of the lens system, and the carriage moves 
at right angles to that axis. The microscope is focussed 
through the lens L upon the stop, and the diameter of the 
image T is measured by aid of the sliding carriage. 

{f a point source of light is placed at that principal focus, F, 
of the system which lies on the photographic plate when distant 
objects are in focus, the rays from this source will, after passing 
through the system, form a parallel beam. If this beam is 
received on a translucent screen, A, placed in front of L, the 
diameter of the luminous patch is the effective diameter of 
the stop. , 

Since an infinitely small source cannot be obtained, a cor- 
rection becomes necessary. 

In practice, a small hole of diameter A in a metal plate in the 
focal plane is illuminated by a flame to serve as the source of 
light. If the diameter of the bright patch on the translucent 
screen is ¢, then the effective diameter a of the stop is given by 


a=c—zh/f, 


where f is the focal length of the complete lens system, and z 
is the distance of the image T from the matt surface of the 
screen. The distance x is measured by aid of the microscope 
and shding carriage, the axis of the microscope being now 
parallel to the direction of motion of the carriage. 

The determination of x may be avoided if two holes of dia- 
meter hy, hy are used, the corresponding diameters of the 
bright patch being c,, c,. Then 


C,—a hy 
whence gine, — Ck Ow, 


(“ Proc.,” Cambridge Phil. Soe., 1915.) 
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10. The Comparison of Nearly Eyjual Resistances. 


Four resistance coils A, B, C, D, are arranged to form the 
four sides of a Wheatstone’s quadrilateral. The coils C, D are 
approximately equal, but, as their ratio is eliminated, it is not 
necessary to know it. A balance is obtained by shunting A, B 
with large resistances a,, b,*. The coils A and B are then, 
interchanged, and a fresh balance is obtained by shunting them 
witha, and b,. Then ; 


“ats)=P(sts,) 


and | D(g+z)=(5+;,) 


Hence 
(GaGa Gtr) 


In practice, A is so nearly equal to B and C is so nearly equal 
to D that a,, ds, b;, by are very large compared with A and B, 
and the arithmetic means may be used instead of the above 
geometrical means. Then 


Hata) BhiG.+e,) 


which gives B in terms of A when the shunts are known. The 
details of a complete intercomparison of four coils are given. 


(“ Pree.,” Cambridge Phil. Soc., Vol. XVII., p. 340.) 


ABSTRACT. 


The following experiments were shown :— 

1. Harmonic motion of a rigid body suspended by a torsion wire. 

2. Determination of gravity by a rigid pendulum. 

3. Determination of Poisson’s ratio for indiarubber. 

4. Two methods of measuring the surface tension of spherical soap 
films. 

5. A simple viscometer for very viscous liquids. 

6. Experiments with a prism of small angle. 

7. Revolving table method of determining the curvature of 
spherical surfaces. 

8. Experiments illustrating flare spots in photography. 

9. Determination of the effective aperture of a photographic lens. 

10. The comparison of nearly equal electrical res.stances. 


* It is not necessary, as a rule, to shunt both A and B, but it is simpler to 
suppose them both shunted in deriving the formula. If B is not shunted the 
value of b is infinite. 
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DISCUSSION. 


Mr. DupDELL complimented Dr. Searle on the simplicity and ingenuity 
of the arrangements. Some apparatus of the older style was so com- 
plicated that students took longer to understand the apparatus than to 
understand the principles it was intended to illustrate. 

Principal SkiINNER mentioned that he had once determined Poisson’s 
ratio for cork in a simple manner with an old champagne cork. From 
the markings of the cork the length and diameter of the compressed 
portion could be found. The cork was then boiled to restore it to its 
original shape, and from its change in dimensions one could determine 
Poisson’s ratio roughly. 

Mr. F. E. SmrrH associated himself with Dr. Searle’s remark that 
small corrections constituted the fun of physics, in addition to being, 
very often, of fundamental importance. He hoped that when Dr. 
Searle had finished his other press work he would turn his attention to a 
book on practical physics. 

Mr. S. D. Cuatmers thought the experiment shown with the small 
prism brought out very clearly the connection between a prism and a 
lens. In practice, when measuring the aperture of a photographic lens 
it was not convenient to use a large hole as done by Dr. Searle, as the 
mount cut off some of the sloping rays, and one had to do the best pos- 
sible with a small hole. 

Dr. RussELL said that personally he was much indebted to Dr. Searle, 
who had given him valuable assistance many times in the past. 

Dr. SEARLE thanked the various speakers for their remarks. 
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IX. The Vacuwm Guard Ring and its Application to the Deter- 
mination of the Thermal Conductivity of Mercury. By H. 
REDMAYNE NeEtTLetTon, B.Sc., Assistant Lecturer in 
Physics at Birkbeck College. 


1. Introduction. 


DuRING a research recently described before this society on 
the thermal conductivity of mercury by a method of impressed 
velocity, the author had occasion to employ a wide vacuum- 
jacketed tube. (“ Proc.” Phys. Soc., London, Vol. XXVI., 
December, 1913.) Though the tube was unsilvered and un- 
protected by any non-conductor of heat, the reduction of 
emissivity loss was so marked that calculation showed the 
possibility, in spite of the relatively small value of the conduc- 
tivity of mercury, of obtaining, within a similar vessel in which 
the mercury was at rest, a temperature gradient sufficiently 
constant over a range of several centimetres to enable a direct 
determination of the thermal conductivity to be made. 

The chief disadvantage of the ordinary guard ring lies in the 
uncertainty of the area from which the heat is collected, an 
uncertainty which becomes more pronounced if means other 
than the ice calorimeter be employed to measure the quantity 
of heat transmitted. The efficient substitution of a vacuum 
for a guard rmg would remove the objection and open up the 
way for further development of both electrical and continuous- 
flow methods of calorimetry. 

The measurement, by the steady flow of water, of the quan- 
tity of heat transmitted by conduction was first carried out by 
Callendar and Nicolson (“ Proc.” Inst.C.E., 1898) in their 
experiments on‘a cast-iron bar. Consistent results were ob- 
tained, and the calorimetry was very satisfactory, but the 
temperature gradient down the bar being far from linear its 
value near the entrance to the calorimeter, where some dis- 
tortion of the isothermals is likely, had to be deduced by inter- 
polation. Again, Searle (“ Phil. Mag.,” Jan., 1905, p. 125) 
has used the continuous flow method in his elegant laboratory 
apparatus for the determination of the thermal conductivity of 
copper. The bar being some 4 cm. in diameter and well pro- 
tected by non-conducting material, the assumption is made 
that the temperature gradient is sufficiently linear to allow a 
measurement of it to be made from two thermometers 7-5 cm. 
apart. The thermal conductivity of mercury, however, is 
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only about one-fiftieth that of copper. None the less it is 
shown below that by virtue of the vacuum surrounded with 
cotton woel the heat lost in a length of some 12 em. must be 
a negligible fraction of the quantity of heat transmitted. 
The measurement of temperature gradient can thus be very 
accurately effected with the aid of a single thermo-junction 
carried by a cathetometer, and at the same time the horizontal 
nature of the isothermals can be readily demonstrated, while 
the quantity of heat transmitted by conduction can be 
measured by a modification of Searle’s method. 

The determination of the thermal conductivity of mercury 
by a method so direct and simple when once the vacuum 
vessel has been constructed would seem warranted by the great 
difference in the values obtained by different experimenters for 
a substance for which the other constants are known to a par- 
ticularly high accuracy. 

It is hoped that the usefulness of the vacuum guard ring will 
not be limited to the case of mercury, for it is possible that it 
may afford useful mformation with respect to the relative 
conductivities of other liquids ; more particularly experiment 
indicates that it is likely to prove useful for determining the 
thermal conductivity of metallic solids. 


2. Description of Apparatus and Method of Experimenting. 


(a) The Vacuum Vessel.—The specially constructed vacuum 
vessel is seen at V in Fig. 1. The inner tube is of uniform 
cross-section about 4-9 em. in diameter and 40 cm. long. The 
outer tube, about 20 cm. long, is sealed at both its extremities 
to the mer one. Thus, there is no free end, as in an ordinary 
vacuum vessel, to permit of differences of contraction on cool- 
ing between two portions, but some elasticity is afforded by 
making the outer vessel concertina-shaped or corrugated. 
Owing to this double sealing, combined with the large width of 
tubing, some difficulty was experienced in obtaining such a 
vessel, which was at length supplied to the author from 
Germany early in 1913 by Messrs. Miiller, Orme & Co. The 
vessel is silvered, and was exhausted to a high standard on a 
Gaede molecular pump. 

The part of the inher tube not vacuum-jacketed is fitted 
with a long and annular heater, A. The lower part is fitted 
with a wide rubber cork, R, which carries the heat collecting 
spiral of copper S wound round the turned-down portion of the 
brass disc D. This disc, which was supported on the rubber 
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cork by a piece of ebonite let into both, was of a diameter 
slightly less than that of the inner tube of the vacuum vessel, 
and was filed in one place to permit the thermo-electric carrier 
tube T to pass it; it serves to collect the heat with a minimum 
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of convection, and at the same time provides a horizontal 
surface approximately isothermal. Both the brass disc and 
copper spiral were insulated with enamel to protect them from 
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the action of the mercury. The cork R was well secured by 
letting first seccotine and subsequently club enamel down on 
to the edges of it by means of a glass tube passing through the 
filed cavity in the brass dise. The vacuum vessel thus adapted 
for experiment was supported within the specially constructed 
box B fitted with levelling screws and made in two halves 
which could be locked together. The portion of the tube 
vacuum-jacketed was well wrapt round with cotton wool and 
filled the rest of the box. 

The essence of an experiment is to fill the vacuum vessel 
with mercury, heat it at the top by circulating steam or other 
vapour through the annular heater A, determine the tempera- 
ture gradient in the vacuum-jacketed portion vv, and measure 
the quantity of heat transmitted downwards by determining 
the difference of temperature between water entering and 
leaving the copper spiral. The mercury was covered with a 
layer of tar which effectively damped vibration, and greatly 
added to the steadiness of the temperature conditions obtained. 
Corks, M and N, closed the vacuum vessel and annular heater 
respectively, at the same time permitting the movement of the 
carrier tube T. : 

(b) The Calorimetry.—The calorimetry was effected with an 
iron-constantan thermo-couple giving 44-2 micro-volts per 
degree Centigrade, and situated at H and C. Early experi- 
ments showed differences of 3} per cent. in the value obtained 
for K, the thermal conductivity of mercury depending upon the 
magnitude of the water flow. As the limitation of the method 
was thus found to lie in the calorimetry great pains was taken 
to improve it. As now arranged the calorimetry, although 
still limiting the method, is consistent to about 1 per cent. The 
chief difficulty encountered in continuous flow calorimetry lies 
not so much in diminishing loss of heat by radiation as in 
ensuring the proper mixture of the outflowing water, for it is 
necessary that the higher steady temperature registered is the 
true average temperature over a cross-section of the warmed 
water. The vertical portion of the copper spiral is undoubtedly 
helpful in attaining this object, but further great improvement 
is effected in the following manner: The glass tube O holding 
the warm junction was plugged at its upper extremity with 
copper foil through four or five narrow channels in which the 
water was compelled to flow; close underneath the common 
“outflow was the warm junction insulated and subsequently 
tipped at its head with copper foil, the head thus closely fitting 
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the glass tube. This arrangement proved very satisfactory, 
and probably the limit of accuracy in the calorimetry is deter- 
mined by the conduction of heat across the rubber cork from 
the hot to the cold stream. The flow of water which was air- 
free by exhaustion was controlled by a constant head of suffi- 
cient height to force it through the fine channels in the copper 
foil, and through a greater resistance consisting of a drawn out 
capillary of glass, the height of which could be varied. The 


‘ 


Fig, 2. 
constancy of temperature of the inflowing water was much 
improved by passing it through a “ condenser ” consisting of a 
copper tube surrounded by a wider glass tube which extended 
well up the inlet tube I. (Fig. 1), and conveyed ordinary tap 
water, which in time became very steady. 

(c) The Measurement of Temperature Gradient and the Cold 
Junction Thermostat.—The measurement of the temperature 
gradient within the portion of the mercury protected by the 
vacuum was effected by a single insulated iron-constantan 
thermo-junction. The thin insulated wires were contained 
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within the straightened vertical glass carrier tube T (Figs. I 
and 2), of less than 6 mm. diameter, and were fused through the 
glass at a (Fig. 2) with inappreciable external distortion, the 
wires from a to the junction 6 being close together, and in the 
same horizontal plane. The length ab was such that when the 
tube T was resting against the inner wall of the vacuum vessel 

the point 6 would just reach the centre of the latter. The ~ 
thermo-electric carrier tube T was carried by the cathetometer 
K (Fig. 1), specially fitted with complete translational and 
rotational adjustments. The thermo-junction could thus be 
raised or lowered vertically through any measurable distance 


or rotated over a horizontal cross-section till the point 6 
touched the walls of the vacuum vessel. 

It will be seen that it is often necessary to maintain the 
other or “cold junction ” of this circuit used for measuring the 
gradient at a steady temperature near the lower limit of the 
range measured by the hot one. The thermo-electric 
“ thermostat ” seen in Fig. 3 proved very efficient, the tem- 
perature certainly remaining constant to within 0-01°C. over 
the time of each independent experiment. A is a large outer 
vessel surrounded with cotton wool, and containing the 
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“Dewar cylindrical vacuum vessel B, supported on a cork as 
shown. The thermo-junction is enclosed within the small 
glass tube C containing paraffin oil, and passing through the 
cork D. A and B are filled with water to the levels shown at a 
temperature approximate to that required, the water in B 
being covered with a layer of Fleuss pump oil. TT, and T, are 
thermometers reading to 0-1°C. § is a coil of thick con- 
stantan wire lying between B and the walls of A. By passing a 
suitable current through S the temperature of the thermo- 
meter T, can be kept approximately constant at the desired 
value. When steady T, is observed at intervals of one hour or 
so, and the current, if necessary, is raised or lowered by means 
of a step rheostat. By this means, the mass of water being 
large, T, usually keeps constant to 0-1°C., showing that though 
the temperature may vary somewhat in different parts of A the 
temperature at any one place changes very slowly. The small 
temperature oscillations in A, however, are so damped by the 
vacuum that change of temperature in T, can often not be 
detected for hours. T, is uaually about half a degree below 
T,, and very uniform throughout its mass. This arrangement 
is not only useful for holding a “ cold junction,” but may be 
used as a constant temperature source when calibrating 
thermo-couples in micro-volts per degree or when main- 
taining sodium sulphate at its transition point. With practice 
it can be very readily adjusted. 

(d) Method of Comparing the Two Fundamental Temperature 
Differences.—Experiment shows that the temperature gradient 
within the portion of the mercury which is vacuum-jacketed 
may be regarded as constant. Let A be the effective cross- 
section of the vacuum vessel, and 9 the rise of temperature in 
aspace of lcm. Let 6 be the difference of temperature on the 
same scale between the inflowing and outflowing water, the 
rate of flow being m grams per second. Then, taking the 
specific heat of water as unity we have for K the thermal con- 
ductivity of mercury : 

KAg=m0, 
or, K=m/Ax 6/9. 

The ratio of two temperature intervals is thus required. 

Now, as the relation between temperature and E.M.F. is very 
strictly linear for the iron constantan couple over the operative 
range 15°C. to 45°C., and as over this range the micro-volts per 
degree for both the calorimetric and gradient thermo-couples 
were found to agree to 1 part in 650, it is clear that it is only 
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to compare the E.M.F. given by the two sets of 
Srcines For Hisionae both deflection and potentiometer 
methods were employed each having its special advantage. 
While employing the deflection method the resistances of 
the two thermo-couples were adjusted to equality by suitably 
choosing the. position of join of the two constantan wires of the 
calorimetric couple. This could be easily effected to an accu- 
racy of 0-01 ohm and tested at any moment, and as an addi- 
tional 30 to 50 ohms was always in circuit with the couples and 
galvanometer, change of resistance with rise of temperature 
on moving the gradient thermo-junction was quite negligible. 
The deflection produced by each circuit on inserting the proper 
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plug key was then proportional to the temperature interval. 
This was carefully verified directly by testing both couples 
simultaneously for one and the same temperature difference. 
While the deflection method was very rapid and sufficiently 
accurate for experiments on the conductivity of mercury, 
yet, owing to the necessary limitation of the galvanometer 
scale, it was found inferior to the potentiometer method when 
attempting to test the exact nature of the temperature gradient 
or when measuring temperature differences directly in degrees 
Centigrade. In the absence of a potentiometer suitable for 
thermo-electric work, the arrangement shown in Fig. 4 was 
found very satisfactory. Briefly, the E.M.F. of either thermo- 
couple could be balanced against that across a standard.ohm 
in series with an accumulator and a standard box of 0 to 
10,000 ohms fitted with a dividing plug. The reciprocal ‘of 
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the total resistance needed for a balance is, therefore, propor- 
tional to the temperature interval being measured as long as 
the total external voltage remains constant. This: voltage 
can be measured in a moment by dividing the standard box 
into two portions, one of 5,000 ohms and the other slightly less, 
and such that the E.M.F. across it exactly balances that of a 
standard cell. The micro-volts given by either couple, and 
hence the interval in degrees Centigrade, can thus be easily 
calculated if required. A slight simplification of the connec- 
tions reduces them to those necessary for the deflection method. 
Typical results illustrative of both methods are given in the 
next section. Precisely the same arrangement served for 
measuring in degrees Centigrade the difference of temperature 
between the inflowing and outflowing water in the experi- 
ments on the electrical supply of heat to the vacuum vessel, 
which are described in section 4. ‘ 

Every care was taken to minimise local thermoelectric 
effects. All four joins of iron to copper wire were in small 
tubes side by side contamed within a large test tube holding 
paraffin oil, and immersed in a Newton’s annular cooling 
calorimeter filled with water, an arrangement which in pre- 
vious work had proved satisfactory. Brass plug keys for 
joining copper wires were tested, and found suitable both 
from the thermoelectric and resistance standpoints. The keys 
should be large, and the plug holes well away from the copper 
joins. Both couples registered satisfactory zeros when the hot 
and cold junctions were placed side by side in the same stirred 
water, while the slight disturbance which was caused by delib- 
erately touching the keys with the hand at the join of the two 
metals quickly subsided on removing the fingers. Repeatedly 
removing and inserting the actual plugs caused no appreciable 
effect. Joins of copper, brass and manganin-can easily be 
rendered thermo-electrically safe, but with other metals 
special care has to be exercised. 


3. Resulis of Hxpervments. 
(a) Horizontal Nature of Isothermals in Mercury.—\t will be 
~ seen from figures given in sub-section (6) below that a tempera- 
ture gradient of just over 3°C. per centimetre was obtained 
over a length of some 12 cm. when the vacuum vessel filled with 
mercury was heated at the top by steam, On rotating the 
thermo-junction over a horizontal section within this ‘range 
there was no appreciable alteration of galvanometer deflection 


even when the junction was on the point of touching ie alee 
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and the protruding wires were lying along the side of an in- 
scribed hexagon. The only exception to this is to be found in 
the 2 cm. immediately above the disc D at the lower “ end ” of 
the column. This is illustrated by the figures in the next 
column, which show that the distortion is of an unsymmetrical 
character, and accounts for the slightly greater value of the 
temperature gradient seen in Tables III. and IV. of sub- 
section (b) in the same region. 

TaBLE I—Showing Nature of Isothermals. _ 


Relative Temperatures with thermo-junction 


Cathetometer | lying at the positions :— 
reading. 
Extreme left. | Middle. Extreme right. ) 
65 22-20 21-78 21-50 
66 9-30 9-05 8-95 
67 —3-60 3-57 —3-55 | 
68 — 16-20 —16-20 —16-16 


Thus, in the short space of 2cm. the horizontal surfaces 
have become appreciably isothermal. A perhaps equally 
rigorous proof of this is afforded by the fact that repeated 
measurements of temperature gradient made over ranges of 
7cm. or 8 cm. in the middle of the vessel never differed by so 
much as | part in 500, whether the thermo-junction was moved 
vertically through the middle of the column or when almost 
touching the walls. 

(b) The Linear Nature of the Temperature Gradient in Mercury. 
The first experiment performed with the apparatus at once 
revealed the linear nature of the temperature gradient. Boil- 
ing alcoho] was used to supply the heating vapour, and no tar 
was covering the mercury surface. Deflections on the galvano- 
meter scale are proportional to temperatures, the actual tem- 
peratures at the cathetometer positions marked 66 and 77 
being approximately 23-4°C. and 46-2°C, respectively. 

Tax II.—Showing Relative Temperatures at Definite Cathetometer Positions 
by the Deflection Method. 


Cathetometer | 


: Cathetometer a | Differences 
reading. | Deflection, reading. Deflection. per 6 om, 
65 | 23:36 71 825 | 1510 | 
66 20-88 72 568 | 1520 
67 | 18-42 73 3-08 15-34 
68 | 15-88 74 0-68 15-20 
69 | 13-85 15 —1-93 15-28 
70 10°75 76 —4-45 15-20 
71 8-25 17 —7-00 15-25 
72 5-68 78 —9-25 14-93 
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This result obtained by the deflection method was more than 
confirmed when the potentiometer method illustrated by the 
connections in Fig. 4 was employed. Table III. gives the 
figures for an actual experiment, the reciprocal of the total 
ohms needed for a balance being proportional to the difference 
of temperature between the hot and cold thermo-junctions. 
The surface of the mercury was covered with tar and steam was 
used.as the heating vapour. The cold junction in the thermo- 
stat was at 25-43°C., the accumulator was balanced for the 
Weston cell at 4,848 ohms (viz., 4,846 ohms before the first read- 
ing and 4,850 ohms after the last one), and hence at any position 
of the hot junction where R is the totalnumber of ohms needed 
for a balance the actual temperature in degrees Centigrade is 
given by :— 


10° 9,849 1 
44-2 4 848 R? 


§=25-43-4-Wx 


_ where W is the E.M.F. of the Weston cell. Thus, the actual 
temperatures at cathetometer positions 67 and 76 are 36-61°C. 
and 64°69°C. respectively which give for the mean value of 
temperature gradient a value of 3:12°C. per centimetre. 
In the table below, however, it suffices to give actual readings 
and relative temperatures :-— 


Taste I1I.—Showing Relative Temperatures at Definite Cathetometer Positions 
by the Potentiometer Method. 


._|Cathetometer, Total ohms for | Recripocal of : Differences 
position. | balance, total ohms x 107) Differences. per 6 cm. 
66 | 8,824 1,717-0 ¥ 
67 | 4,185 2,389-5 672°5 
68 Pars 270 3,058°1 668-6 
69 | 2,684. 3,725-8 667-7 
70 2,277 4,391°7 665-9 
71 dT 5,058-2 666-5 a 
72 |) 1,748 5,720-8 662-6 3,331 
73 | 1,565 6,389:8 669-0 3,332 
74 | —-1,417-0 7,057:2 667-4 3,331 
15 | -1,295-0 7,722-0 664-8 3,330 
a6 | 1,192-2 8,387-9 665-9 3,329 


The closeness of agreement between the figures in the last 
column is in part accidental, as the decimal places for the total 
ohms in the cathetometer positions 74 to 76 were obtained by 
proportional deflections, and for the other positions the balance 
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was only found to the nearest ohm. Apart from this each 
balance was very definite, and there is no doubt that the 
cathetometer can be set to an exact whole centimetre division 
with a greater accuracy than fractions can be read by the 
vernier. A repetition made two days later again gave remark- 
able closeness. The actual figures of this experiment are 
tabulated below :— 


TasLe 1V.— Relative Temperatures at Cathetometer Positions. 


'Cathetometer) Total ohms for Reciprocal of F . | Differentes 
| position. balance. total ohms x 107 or wate per 3 cm. 
66 7,301 1,389-7 oe 
67 4,901 2,040-4 670-7 
68 3,693 2,707-8 667-4 “ 
69 2,961 3,377-2 669-4 2,008 
70 2,473 4,043-7 666-5 2,003 
71 2,122-0 4,712-5 668-8 2,005 
72 1,858-6 5,380-4 667°9 | 2,003 
73 | Omitted not | observed. es a 
74: |: 1,488 6720-0 | 669-8 2,008 


The lmear character of the temperature gradient was also 
seen in the direct experiments on the thermal conductivity of 
mercury described in the next sub-section. It would seem that 
by moving the thermo-junction, say, from position 67 to posi- 
tion 76 the temperature gradient can be measured to an accu- 
racy ap proaching | part in 1,000. 


(c) Determination of the Thermal Conductivity of Mercury.— 
A typical experiment using the deflection method is given’ 
below, the order being as follows : At an exact minute a weighed 
flask was placed in position to receive the outflowing water. 
The deflection in the calorimetric cireuit corresponding to the 
difference of temperature between the inflowing and outflowing 
water was then observed. The temperature gradient was next 
measured by raising the thermo-junction, readings being 
usually taken at every half-centimetre between the catheto- 
meter positions 67 and 70-5. The calorimetric deflection was 
again observed, and the flask removed at the next available 
whole minute. The temperature of the room was then re- 
corded as well as the approximate temperatures of the hot and 
cold water, as read by thermometers lying in the inlet and 


outlet tubes I and O of Fig. 1. All readings could be made in 
an interval of 15 minutes. 
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TaBLE V.—T ypical Deflection Experiment on the Thermal Conductivity of ee 
‘ ; Mercury. 


a Measurement of temperature gradient. 


(Gaghaboneter | Cathet . - 
reading. | Deflection. | cde ae | Deflection. | Difference. | 
2 
Bi0 So ay, 15-02 9” | 690 4 = 3:75 4 18-77 | 
67-5 | 10:26 | 69-5 — 8:34 18-60. | 
68-0 5540 | 70-0 | —13-12 18-66 
68-5 | 0-90 | 70-5 | 17-87 18-77 
Mean difference, 18-70. 
¢=Difierence per centimetre, 9-35 
8 other measurements. 
Initial calorimetric deflection ......6..........0..0005 21-05 
Final calorimetric deflection ..............2..20c0008 21-12 
PN CAN ValUerOL Oacsedsccmatedeceretcetesr sche seat te LOO 
Temperature of inflowing water .................... aC: 
' Temperature of outflowing water ................... 24-1°C. 
ROTH PLATS OF LOOM) - cacdceetscsrsere rescue eoeeraee 20°3°C. 
Temperature of ~~ cold junction ” ..............-+-- 35-68°C, 
Area of cross-section of mercury............-..0:.+++ 18-47 sq. cm. 
Magnitude of flow of water ...............eseeeeeeeees 0-160; gms. per sec. 
a —e 21-09 
Whence 
~ 18-47 47 * 9-38 35 


=0-01960 C.G.S. units. 


A typical potentiometer Se is illustrated by the 
figures of Table VL. : 


TasLeE VI.—Typical Potentiometer Experiment. 


Initial ‘calorimetric balance ...:......6.00s0ccseceesaes 10,670 ohms. 
Gradient balance at position 71 ................ aiding 2,103 ohms. 
Gradient balance at position 67 .................0068 4,406 ohms. 
Hinalicalorimobric. DAlagNCG 22) ...0-.2coes caer onnces see 10,700 ohms. 
Weston: cell Palance)c-:4..:.c+00s+-stesessosessdevescsee 4,853 ohms. 
Magnitude of water flow ..........5.cs.ser.cceceveoeee 0-2400 gms. per sec. 
CLACIONE COMMUN CULON cn. anedesinencde'ea ddenisituewne sic 25-70°C. 
Gm peravuve Ok LOOM ncn .sce secctee aie caevanaeeDosrre sr 20:4°C. 
Temperature of outflowing water .............-..+4 22-2°C. (approx.). 
Temperature of inflowing water ..............+.0064 17-6°C, (approx.). 
bo a) 1 
and @ the calori- 
Whence ¢ the temperature gradient= Gate Sia 


ij 
ic diff -, K=0-0195, C.G.S. units. 
metric erence = 10686 ering Fi 


The mean value obtained for K the thermal conductivity of 
mercury as the result of 24 experiments under varying flows is 
0-0196, C.G.S. units, the range of temperature being 35°C. to 
45°C. No results have been rejected in this sequence. The 
highest value obtained was 0-0198, and the lowest 0-0194., 
but 19 of the 24 values do not differ by as much as 0:5 per cent. 
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from the mean. The greatest flow of water employed was 
19-14 grams per minute, and the slowest flow 9-5 grams per 
minute. Tables VII. and VIII. below summarise the results 


of these experiments :— 
TaBie VIL.—Values of K by Deflection Experiments. 


dt=approx. / 
g=mean . ; 
m=flow of | 9_ deflection | change of | difference of 
water in : : : | temp. between 
of calorimetric deflection per | j aowi d K 
ose ees) circuit. | em. of gradient | ™UOws an 
second. Ria outflowing 
—- | water in deg. C. 
0-223, 16-16 10-08 5-5 0-0194, | 
0-275, 13-28 10-06 : 4-7 0-0196 : 
0-160. 21-09 9-35 : 7-0 0-0196° 
0-222, 16-31 9-92. 5-6 | 0-0197, | 
0-275, 13-48 10-15 / 4:7 00198, 
0-314, 15-14 13-03; 41 0-0197, | 
0-255. | 18-28 12-84 4-9 0-0196, 
0-212, 22-24 13-08 5-5 0-0196, | 
0-210, 22-38 13-02; +5 0-0195, — 
0-1772 26-19 12-88 6-4 0-0195, | 
0:2609 | 18-64 13-32, 4-7 0-0196, | 
0-237, 20-18 13-25 5-1 0-0195, 
0-206o 22-99 13-10 5-8 0-0195- 


Mean value of K=0-0196,. 
TaBLE VIII.—Values of K by Potentiometer Experiments. 


m=flow of | @=mean recip. aT i - a aS 
water in ohms of cal. psa ae Pri mayen 4 - 
grms. per cireuit Pap erties: bi yoni peer ae 
seoalel: 107 gradient — and cold water 
. circuit X 10". in deg. C. 
0-240, 935-6 621-2 4-6 0-0195, | 
| 0-232, 1,026 660-2 5-1 00195, / 
0-247, 986-9 677-4 48 /0:0195, | 
0-319, 792-1 696-2 4-0 | 0-0196, 
0-183, 1,294 658-6 6-2 00195, | 
0-217, 1117 667-8 5:5 | 0-0196, 
02145 1,126 669-4 55 | 0-0195, 
| 0255p 9393 | 663-0 44  —--0-0195, 
0-221 1070 | 6588 5-0 | 0-0194, 
0-168, 1,370 | 639-2 6-5 | 0-0195, 
0-158, 1,451 636-2 6-7 0-0195, | 


Mean value of K=0-0195,. 


(d) Experiments on Temperature Gradient and Isothermals in 
Water.—Numerous experiments were performed on the tem- 
perature gradient and the isothermals in water, but it is perhaps 
out of place in this Paper to go into detail. Suffice it here to 
say that the gradient experiments confirm the efficacy of the 
vacuum guard ring. With respect to the isothermals in water, 
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they, too, are approximately horizontal over the cathetometer 
range 76 to 70, where very satisfactory measurements of tem- 
perature gradient can be made. But distortion of a non- 
symmetrical character is very pronounced in the neighbourhood 
of the collecting disc D (Fig. 1), and persists, though in gradu- 
ally diminishing degree, till the thermo -junction has been raised 
four or five centimetres. 


(e) Determination of Area of Cross-section of the Vacuum 
Vessel.—The mean area of cross-section of the operative part of 
the vacuum vessel could easily be found to an accuracy of 1 
part in 1,000, with the aid of mercury and an electrical point 
contact carried by the cathetometer used previously for 
measuring the gradient. The vessel is remarkably uniform 
over the 12 cm. previously traversed by the thermo-junction, 
the mean area of cross-section over any particular length of 
5em. taken not differmg from that over any other similar 
length by as much as | part in 500. The mean area of cross- 
section at 20°C. is 18-74sq. cm. The cross-section of the 
thermo-junction carrier tube was 0-27 sq. cm., and hence the 
effective mercury area is 18-47 sq. cm. 


4. Electrical Supply of Heat to the Vacuum Vessel. 

During the tedious process of improving the calorimetry it 
was very useful to be able to supply to the vacuum vessel an 
amount of heat generated electrically at a rate approximately 
equal to that transmitted down the vessel when full of mercury 
and heated at the top by steam. By this means the constancy 
of the heat collected under different rates of water flow could 
rapidly be tested. Further, the better the design of the heater, 
from the point of view of preventing heat loss from the top of 
the vacuum vessel, the more valuable does it become as a check 
on the reliability of the continuous flow calorimetry. 
~The heater (Fig. 5) consists of slightly less than 2 metres of 
thin manganin wire, gauge 34, wound as nearly as possible in a 
horizontal plane over fine saw cuts in an annular fibre frame, F, 
of about 4:2cm. diameter. This frame is supported by a 
bridge and rod of fibre, the latter bemg let in to the cork 
cylinder C which was turned down till of a diameter such as to 
fit the vacuum vess2l very closely. The ends of the manganin 
heating coil were soldered to thin copper wires of gauge 32, 
which on leaving the frame were brought up along slits in the 
cork for about 10 em., where they were again joined to thicker 
copper wire of gauge 22, which led to the double terminals 
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T, T on the fibre handle. The cork cylinder C reached beyond 
the top of the vacuum vessel when the frame F was just 
touching the brass disc. The heating coil and leads, which 
were of about 16 ohms resistance, were insulated with two or 
three applications of club enam=l, and dried at a high tempera- 
ture by the electric current ; they were then varnished with 


ii uJ 


velure and again dried. Thus treated the heating ccil could 
safely be immersed in mercury. 

When using the heater a little mercury was poured into the 
vacuum vessel till it covered the horizontal collecting dise 
(Fig. 1) to a depth of about 5mm. The heater was then 
pushed down the vacuum vessel till the bottom of the fibre- 
ring lay on this disc, and displaced sufficient mercury to com- 
pletely cover the insulated coil. A constant current derived 
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from accumulators of 0°55 ampere as registered on a 0:0—0-6 
Paul ammeter was then passed through the heater, while the 
heat was collected and measured by flowing water, the same 
arrangement as in Fig. 4,serving to measure the difference of 
temperature. 

The heat generated by the electric current between the 
terminals of the heater was measured to an accuracy of 0-5 
per cent., use being made of the copper voltameter, taking the 
proper precautions, to measure the value of the current, which 
would thus be correct to about | part in 500. The resistance 
of the heater and external leads were measured on a Post Office 
box on which they could be switched by the same key that 
broke the main current. The resistance of the heater between 
its terminals was found to be 15-93 ohms when cold and 15-95 
ohms when tested isntantly after breaking the heating current. 

It will be realised that the copper wires soldered on to the 
manganin coil were so chosen in gauge that while the heat 
generated in them electrically was small the heat conducted 
away by them was also inappreciable. It is easy to show the 
heat lost by conduction in an infinite wire of perimeter p and 
area of cross-section @ in a uniform enclosure and dipping into 
a constant temperature source at U degrees above the enclo- 
sure is, when conveying electric current, less than a quantity 
H=U/EpKa calories per second, where E is the coefficient 
of emissivity loss and K the thermal conductivity of the wire. 
Moreover, U, the temperature of the mercury layer touching 
the cork, can be roughly estimated from a knov ledge of the 
distance between the heating coil and the collecting dise and 
the value of the temperature gradient, known from the con- 
ductivity experiments, which will permit the passage down- 
wards of the heat generated and collected. In this way it is 
estimated that the heat lost per second by the two wire leads 
of gauge 32 is of the order 0-005 calorie per second, which is 
almost as great as that lost by the entire cork protected by 
the vacuum jacket. The resistance of the leads within the 
terminals, but outside the mercury was 0-07 ohm, so that the 
rate of generation of heat within them is again 0-005 calorie 
per second. It would seem likelv, then, that there is a loss of 
quite 1 per cent. of the heat generated by the electric current 
between the terminals of the heater. 

The following are some of the results obtained : A constant 
current of 0-546, ampere was passed through the heater of 
resistance 15-95 ohms between the terminals. The rate of 
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generation of heat, taking J at 20°C. as 4180 joules, is thus 
1-139 calories per second. The heat collected is seen from the 
following table :-— 

TaBLe IX.—Showing Heat Collected by the Calorimeter from an Electrical 


Heater. 

m=rate of flow of d6=temp. difference mx d@=quantity of 
water in grms. per between hot and cold heat collected per 

second. water. second. 

0-3010 3-70, 1-116 

0-261, 4-23, 1-105 

0-243_ 4-555 1-109 

0-242, 4-60- 1-115 

0-204, 5-41, 1-108 

0-162, 6-83, 1-107 


The mean of 12 consecutive experiments gives 1-110 calories 
per second as the rate at which heat is collected, which thus 
falls short of the heat generated electrically by just over 2-5 
per cent. Estimating, then, 1 per cent. at least as the loss of 
heat from the top of the vessel—a loss of course, which does 
not enter into account in the main conductivity experiments— 
there would seem a possibility of an absolute error of 1-5-per 
cent. in the calorimetry of the method. But it must be 
realised that the electrical test, though interesting, and, per- 
haps, satisfactory, cannot be regarded as a rigorous electrical 
calibration of the flow calorimetry employed—for the small 
percentage of heat lost from the top is an uncertain quantity. 


5. Conclusion. 


The value of the thermal conductivity of mereury—viz.- 
0-01969 C.G.S. units over the range 35°C. to 45°C.—may be 
compared with the values obtained by other methods which 
are given in the table below :— 


4 TABLE X, 

Experimenter. | Method. | Temp. | Value of K. 
H. F. Weber, 18E0] Flat plate ....c.ssessecsecseseessaas feat ie 0-0162 
Angstriém, 1864 -» Periodic flow of heat ............ 50°C. 0-0177 
Berget, 1888....... ' Ordinary guard-ring ............. 0°C.-L00°C 00-0202 


R. Weber, 1903...| Electrical measurement of heat 0°C.-34°C. 00-0197 
Re Te ae ON 155°C. | 0-0201 


The present result is thus confirmatory of the high values 
obtained by ‘steady state’? methods, as against the much 
lower, but, perhaps, more usually accepted values obtained by 
the “ variable state” methods of Angstrém and H. F. Weber. 
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The author’s belief is that the thermal conductivity of mercury is 
not far below the value 0-020, and, if anything, slightly increases 
with the temperature between, say, 30°C. and 50°C. In viewof 
the importance attached by such authorities as Lord Kelvin 
and Callendar to periodic flow methods, and in view of the fact 
that Angstrom’s experiments were performed as far back as 
1864, prior, that is to say, to the development of electrical 
thermometry of precision, it might seem desirable to repeat 
some of the older work, introducing modern improvements. 

Incidentally, the vacuum guard-rng has proved a success, 
and the accuracy with which temperature gradients can be 
measured within it would seem to warrant the development of 
a system of calorimetry better suited for measuring heat sup- 
pled at so small a rate. The other possibilities of such a 
guard ring have already been mentioned. 

The author would record his appreciation of the interest 
taken in his work by the Head of the Physics Department, 
Dr. A. Griffiths, who has been specially considerate in his 
endeavours to obtain forthe Author so much of the apparatus 
needed. 


ABSTRACT. ae 


A specially constructed vacuum vessel heated at the top by steam 
and cooled at the bottom by flowing water, is used to find the thermal 
conductivity of mercury. The vacuum acts as a guard ring, which is at 
the same time not open to the weli-known objection of communicating 
to the calorimeter a quantity of heat difficult to estimate. So efficient 
is the vacuum that the temperature gradient as measured by a single 
thermo-junction carried by a cathetometer is probably not in error to 
the extent of 1 part in 500. ; 

The calorimetry is effected by the continuous-flow method on the 
lines suggested by Searle in his well-known laboratory apparatus for 
finding the thermal conductivity of copper. The rate of supply of 
heat, however, is only about 1 calorie per second, and the space in 
which it is desirable to collect it is necessarily somewhat limited. It is 
thus only after considerable trouble that the conditions have been 
obtained which yield a consistency of about 1 per cent. between experi- 
ments performed on different days or on the same day under varying 
rates of flow. The reliance to be placed on the calorimetry is greatly 
confirmed by a series of tests made with a specially-designed electric 
heater. The mean value obtained for the thermal conductivity of 
mercury in a set of 24 experiments is 00196) C.G.S. units over the range 
35°C. to 45°C. The remarkable linear nature of the temperature 
gradient obtained within the vessel, the cross-section of which was very 
uniform, over the larger range of temperature 35°C. to 65°C. would 
indicate at least that there is no diminution of thermal conductivity 
with rise of temperature. 

All temperature measurements were made with iron constantan 
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thermo-couples, special care being taken to eliminate local thermo- 
electric effects. A simple arrangement is described for keeping a 
“ cold junction ” during the time of an experiment constant to 0-01°C. 


at temperatures above the room. 


DISCUSSION. 


The AurHor has communicated the following reply to points raised by 
various Fellows with whom he discussed the apparatus after the meeting : 
In general thermo-couples made of wires taken off the same reel do not 
agree closely in thermo-E.M.F. But junctions made of pure charcoal, 
iron wire and constantan taken off the same reels, the junctions being 
welded, and all other joints being twisted with pliers and immediately 
painted, agree with remarkable closeness, if the usual precautions be 
taken to quell local thermo-electric effects. I have tested at least six 
such couples, including the two pairs used in the research, which agreed 
at the worst to 1 part in 650. At Dr. Griffiths’ suggestion I calibrated 
prior to the meeting two more such couples between fixed points, obtain- 
ing to the nearest microvolt 1,427 and 1,428 microvolts between 0°C. and 
32-383°C., the transition point of sodium sulphate and 4,424 and 4,426 
microvolts respectively between O°C. and 99-64°C. Dr Griffiths and 
others witnessed the definiteness of the balances on the Cambridge thermo 
electric potentiometer. I have just discovered that Palmer (‘‘ Phys. 
Review,” XXI., 1905) records similar agreement. Unfortunately. 
constantan is a very uncertain material, being known under various 
names, such as advance, climax, eureka, the small change in percentage 
composition causing large effects in the thermo-electric properties; a 
previous specimen I tested gave 50 microvolts per degree Centigrade. I 
regret I can form no estimate of the small quantity of heat lost per 
second from the sides of the vacuum vessel. While the experiments on 
water greatly confirm the efficacy of the guard-ring no concrete conclusion 
can be drawn from these, for it is impossible to say how much of the slight 
fall in temperature gradient is due to emissivity, and how much due to 
the rise of thermal conductivity of water with fall of temperature. 
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X. Practical Harmonic Analysis, By ALEXANDER RUSSELL, 
MA. DSc 


RecetveD NovemsBer 30, 1914, 


Introductory. 


Ir the value of a function, f(x), recur over successive intervals, 
A, of the variable x, so that the equation /(v-+n/)=/(x) is true 
for all integral values of m, then Fourier showed that we may 
write 
}(z)=Ap+4, cos (277//)x+a, cos 2(2x/A)a+ ... 

+6, sin (27/A)x-+-b, sin 2(27/A)a+ ... (1) 
where a, a,, b,, . . . are constants which he expressed in the 
form of definite integrals. [See (2) given below.j He pointed 
out* that these coefficients were as real constants of a periodic 
curve as, for instance, its area or its centroid. Even when we 
neglect the higher harmonics in (1) it is advisable to use the 
Fourier values of the coefficients, as it is known that, assuming 
the ordinary law of probability, these values make the sum of 
the mean squares of the errors a minimum. 

In the “ Philosophical Magazine ” for August, 1874, p. 95, 
J. O’Kinealy showed how the theorem (1) quoted above follows 
at once from the ordinary symbolical methods used in solving 
differential equations. 

Taylor’s theorem for the expansion of a function of two 
variables may be written as follows :— 


42. 
{e+ A)j=e orf(x), 
where ¢ is the base of Napierian logarithms. Hence, we may 
write the equation /(#+-/)=/(x) in the form 


xo. 
(€'d#—1)f(x) =0. 
Regarding this as a differential equation, the roots of the 
auxiliary equation are given by 
ile 
where p has been written for 0/0x. Now, by De Moivre’s 
theorem, . 
ehOmn/A)— cog Ima--e sin 2ma—=—1, 


where ve stands for \/—1. Hence p=m(2z/A)c, and m can have 


) 


* Joseph Fourier, “ Theory of Heat,” Freeman’s translation, p. 198. 
+ C. H. Lees, “ Proc.” Phys. Soc., London, Vol: XXVI., p..275, 1914 
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any positive or negative integral value. Therefore, by the rules 
given for solving differential equations, the general solution is 


f(x}=ag ta, e244! PON rapa 
--b,'2 - (2a/Aye b,’é ~ afm. 5 
=ty ta, cos (277/A)a+a, cos 2(27 Ajat+... 
+b, sin (27/A)a+b, sin 2(22/4)a+ « - - 
And if f(z) be real, the constants are all real. It will be seen 


that this is Fourier’s theorem. Fourier also gave the following 


exact mathematical values for these constants :— 
a f* i a 
| i(x) cos n{ 7 ees 
0 - 


i- 


1 rr 
pees {(z\ez3;4,= 
kh oO 
ra hy , fama. 
and b= 5) fla) sin new. as a ae 


The integral for 5, was previously given by Lagrange.* When 
we know the mathematical expression for /(x), approximate 
numerical values of the constants can generally be determined 
without much difficulty. : 

In certain cases when the function is discontinuous diffi- 
culties arise in interpreting the meaning of the results obtained 
at the points where discontinuities occur, but this, although a 
point of great interest to the mathematician, does not affect the 
practical usefulness of. the theorem and so we do not discuss 
it here. 

In engineering practice we are, as a rule, given the graph of 
/(x), and we have to determine the constants do, a, b,, . . . 
The value of a) can be found at once by finding the area 


x 
| f(x)oa and dividing by 2. The area must be determined by 
~ 0 ™ 


some method of mechanical quadrature, several of which are 

in everyday use. It is to be noticed that this gives us an 
‘approximate value of the integral. In one method a certain 

number of ordinates are measured and the integral is expressed 
in terms of them. In exactly the same way we can find the 
values of an and 6, in terms of certain selected ordinates of the 
curves : 
y=/(&) cos n(2x/A)a and y=/(x) sin n(22/A)x 
respectively, it being unnecessary to draw the graphs of these 


* See Todhunter’s “ Integral Calculus,” Chap. XIII. 
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curves, as the values of the ordinates can be found at once 
by multiplying f(a) by the required cosine or sine coefficient. 
Before showing the best way of doing this, we shall give a brief 
résumé of the methods ordinarily employed. 


Practical Methods. 


There are three typical methods used in everyday work. In 
the first method all harmonics the order of which is higher than 
some value » are neglected. In this case the equation y=/(z) 
contains 2n-+-1 constants, and so we require to know the values 
of at least 2n-+-1 ordinates in order to determine the constants. 
We get 2n-++-1 equations of the form 


Yy=4) +4, cos (27//)x,+a, cos 2(20/A)x, .. . 
+b, sin (27/A)v,+6, sin 2(27/A)a,.. . 


And many methods* have been given for lightening the labour 
involved in solving these equations for dp, a,,6,, . ... andso 
finding the equation to a curve y=/(x) having the same 2n-+-1 
ordinates as the given curve. 

C. F. Gauss (“ Werke,” Vol. III., p. 281) showed how we 
could write down the required equation at once in the following 
form 


sin 3(@—Z») Sin 3(€—Hy) . . . SIN $(L—on+4) 
9 Pisin H(a,—25) sin $(%1—@3) . . . Sin 3(%y—®on+44) 
sin $(a—a,) sin }(~—as) . . . SIN $(V—Vyn44) 
Yasin H(oy—a,) Sin }(t,—2) . . . sin $(€—®yn41) 
where 2, Z, ... are the abscisse corresponding to the 


ordinates ¥1, Yo, - - - 

To prove (3) it is sufficient to notice that when v=a,, y=4,, 
when @=, ¥=Yo, &c., and that the coefficients of 44, Yo, . « 
when expanded contain only sines and cosines of integral 
multiples of z which are not greater than n. 

It is, however, laborious to find the coefficients of cos mx 
and sin ma from (3), and thus the theorem is not of much use for 
harmonic analysis, although it is of value in interpolation. 

Apart altogether from the labour involved in the above 
group of methods, a serious drawback is the lack of any 


* BF, W. Grover, Bureau of Standards “ Bull.,” 9, p.:567, 1914. — For 
Runge’s method, see Gibson’s “* Introduction to the Caleulus,’”’ Chapter XI. 
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indication as to how far the calculated values of the harmonics 
differ from their true Fourier values. _ If mis large it is probable 
that the values of a,, and b, found in this way are approxi- 
mately correct when m is small; but if m be equal or nearly 
equal to n it is highly probable that the values are quite 
different from the Fourier values. 

In the second method an attempt is made to determine the 
values of the definite integrals given in (2) by mechanical 
quadrature. For this purpose we have found that Weddle’s 
rule, which we discuss below, is the most suitable. One of its 
advantages is that the value of the amplitude and phase of any 
given harmonic can be determined separately from the other 
harmonics to any required degree of accuracy. The lower the 
order of the harmonic the less is the arithmetical labour 
involved in finding its value. 

In the third method certain infinite series are obtained con- 
necting the values of the Fourier constants, the orders of which 
are odd multiples of m. When the harmonics diminish rapidly 
in value this method is a simple and easy one.* 

We show below how to obtain many other series of a like 
nature, the use of which extends the range and increases the 
accuracy of the method. 

The final conclusion we arrive at is that the method of 
evaluating the Fourier integrals by mechanical quadrature is 
by far the best. The series formule, however, are of value, 
especially as supplementary aids in checking the computed 
results. 


Weddle’s Rule. 


The rule given by Thomas Weddlef for finding the area A 


included between a curve, two ordinates and the axis of 2 
(BPQN,O in Fig. 1) is 


Pe x 
na | yor= Yo tYet Yet Yet Sy t+Yys)t bys] - (4) 
au0 


where ON,=N,N,= .. . =N,;N,=2/6, and yo, Fx 2h 
are the values of the ordinates at the points O,N,,... 


* Fischer-Hinnen, ‘ Elektrotechnik und Maschinenbau,” Vol. XXVIL, 
“a re 1909. 8. P. Thompson, “ Proce.” Phys. Soc., Vol. XXIII, p. 334, 
ft “ On a New and Simple Rule for Approximating to the Area of a Figure 


by means of seven Equidistant Ordinates,” “The Cambridge and Dublin 
Mathematical Journal,” p. 79, February, 1854. 
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The formula was obtained by the method of finite differences. 
The following proof, however, is simpler, more accurate and 
more instructive. 

First of all the assumption is made that the equation to the 
curve can be put in the form 


Plo Or Ose... ane”, 4.) win, - (5) 


This curve can be made to pass through n+1 points on the 
curve BPQ (Fig. 1), and it is the simplest curve that can be 


ry. 


OVINE INSEN, NAS Nee eX 
Fic. 1,—WeEpDDLE’s RULE. 


drawn through these +1 points. Its equation may be 
written in the form 


(x—2,)(t—@5). . . (@ —n+1) 
I~ Is(¢, —a9)(x ats) 22 + (L1~—&y41) 
(~—ax)(w7—Zy) (x Ln+1) (6) 
T *(@3—@®4)(®_y—L3) . . » (%¥y—Ln41) 
ee 
By expanding the coefficients of ¥,, Ys, . . - in this equation 
and comparing with (5) the values Gf Go, @1, Go,’ + «are at 


found. 
ne aE ts Weddle’s rule to (5) we find that the term 


Ame” adds to the value found for the area the expression 
m-+1 4 
am [2™ 4.44.6" 5(1+5")+6.3"] . . . (7) 


and the term dy adds aox to the value of the area. Hence, 
; L2 
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putting m=1, 2, ... in (7) and simplifying we find that 
Weddle’s rule gives the following value for the area :— 
A=agr-+a,(z?/2)+a,(23/3)+a,(24/4)+a,(2*/5) 
-bas(2°/6)-+a,(2*/7)(1-00013) 
L-a,(28/8)(1-00051)+-a,(z?9)(1-00145) 
L-ag(x!9/10)(1-00343)-+-a,9(a"*/11)(1-00691)+ ... (8) 


By the integral calculus the true value of the area is 
p=n 
A=JZa,2?*1/(p+1). 
p=0 


We see that, provided that n is not greater than 5, Weddle’s 
formula is absolutely correct, and even for values of n as great 
‘as 10 the error for indwidual terms is well under | per cent. 


For example, let us determine the value of [sinh xox by 
(4). We get 5 
= 3 : 
| sinh TOIT [sinh (0-2)+-sinh (0-4)++sinh (0-6) 
-+-5 {sinh (0-1)+sinh (0-5)} +6 sinh (0-3)] 
=0:185 4652... 
which is correct to the last figure. On the other hand, we see 
by (8) that the error in the value of [aoe found by quadra- 
ture is 0-69 of 1 per cent. It is advisable, therefore, to have 
means of checking the computed values. 
Series Formule Involving Areas. 
It is easy to show by trigonometry that 
cos z—} cos 3a++ cos Ba— .. . 
=2/4 from v= (2n—1/2)a to (2n+1/2)z 


= ~20/4 from e=(2n+ 1/2)z to (2n+-3/2)z, 
and that 


sin ¢+4sin 30+ sin 5¢4+... =2/4,from2—2nzto (2n+1)a 
=—1/4, from 2=(2n-+ 1)zto (2n+2)z. 
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Hence, by Fourier’s formule (2), we find that 


Lan Gs is 27x 2 Hes 
Oia pe =; [ila){ cos" — cos ae ; fee 


af BA/d “d ] / 
= Ag = Ox. 
zi 1s oe see we 


The series, therefore, on the left-hand side equals (2/2) times 
the difference between the sum of the areas of the curve from 
0 to 4/4 and from 32/4 to 4, and the area of the curve from 
_ Al4 to 32/4. 
Sumilarly, we see that 


Asm, Asm Bid ie r ae hee ] re : 

Om 3 > 5 Ae ee at : Sage ae - - A YO A ( ) 
; Danae O ces 3 A/2m “2A /2m 3A/2m 

a an a =i 4 | +{ —. . yee. (10) 
& 2aLJo A/2m 2A/2m 


It will be noticed that the expressions on the right-hand side 
of (9) and (10) represent areas which can be found by any of the 
ordinary methods. Formule (9) and (10), therefore, enable 
us to find approximate values for the Fourier coefficients when 
the amplitudes of the higher harmonics are small. 

Let us first consider the case of the rectangular wave shown 


Fia. 2,.— RECTANGULAR WAVE. 


in Fig. 2. In this case y is +-1, when @ lies between 0 and 2/2, 
and —1 when = lies between 1/2 and 2. 
By (9) we find that | 
Om—A3m/3+453m/S—..=0, ° 
for all values of m, and thus the coefficients of all the cosine 
terms are zero. By (10) we find that 
Bin b3m/3-+05m/5-+ . .=7/(2m), or 0, 


according as m is odd or even. 
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— 


If we neglect all harmonics whose orders are higher than 16, 
we have 
6,+6,/3+6;/5+..=2/2 
b,+6,/3+6,;/5+..=2/6 
b;+5,;/3+ ..=2/10, 
b,+..=2/14, &e. 


And hence we easily compute the values of bj, bs, - . 


: i | Computed 7 True | Computed 
Harmonics. values. values. “Harmonics. | values. Bue sae item. 
b, 1-286 | 1-273 detent aa  -O174 O-141 | 
bs 0-445 0-424 i 0143 0-116 | 
b; |. 0-279 | 0255 || Bas 0121 0-098 
b; 0-224 | 0-182 bi; | 0-105 | 0-085 | 


The true values of 6,, b;,.. have been computed from the 
coefficients of the sine terms in the following well-known 
equation to the wave shown in Fig. 2— 


— *[sin + sin srt, sin 5a+. af < 


aX 
the wave-length being 22. 


" 4 


i] 
2 
SS ae 
Fig. 3.—Discontinvots RECTANGULAR WAVE. 


As the true values of the areas have been substituted in the 
formule used, the errors are due to the neglect of the seven- 
teenth and higher harmonics. It will be seen that the error in 
the value of b, is about 1 per cent., and the errors in the com- 
puted values of b; and higher harmonies are greater than 23 
per cent. 


As a further example, let us consider the hightly irregular 
wave shown in Fig. 3, 
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The equation to this wave is 


_2V3 ie 1 if 1 = 
It 


| cos x—_ cos 5x-++— cos 7z—— cos lla... | 
| 5 7 A} 


ee fe 


In this case 
Gs: he us ie 30/2 2a ) 
a,—~+3—,.=1 = : 
: 3 5 : 0 / q/2 oa none ib 
a [2 
=| you=%, 
eo 3 
A , M5 
91916 =) 
ats 
G15, Ge5 TU 
a — — Fey 
S35 15 
__%21 , 4835 a 
He ames ar © 
We also have bm+b3m/3+05m/5+..=0 for all values of m. 


From the equations given above we see that bn»=0. Neg- 
lecting @» when m is greater than 24, we easily compute the 
numbers piven m the following table :- — 


(Com pated | True ' Computed True 


| Harmonics. | 


Harmonics. values. value. values. values. 
a, 1-100 1-103 ais 0-081 0-085 

—a; | 0-209 0-221 | —Gin 0-062 0-065 

a, 0-150 0-158 || ays 0-055 0-058 
[oan 0-095 0-100 || —ass | 0-046 0-048 


The error in the value of a, is about 0-3 of 1 per cent., and in 
ane value of the higher harmonics, which do not vanish, about. 

5 per cent. 

Series Formule involving Ordinates (Thompson’ s Method.), 

We have from (2)— 


ay+asta;+.. =F fhe Rone +008 sr ; Jan, 


and hence, integrating by ee we get 
rx nN 
Ay+ast+a5+.. =e) i in” rth sin 3 7 a aa 


1 fie) ee jal in 3 - fe. 
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Noticing that the first expression on the right hand side 
vanishes at both limits, and that the series inside the bracket 
under the integral sign equals 2/4 from 0 to 2/2 and —a/4 
from //2 to A, we get 

ayt+astas+..=—(1/4)[f(4/2) —f(0)— f(A) +-H4/2)], 
=(1/2)Lf(0) — 4/2)], 
=(1/2)(yo — Yap). 

In general, we have 


Ag+ Fm Um + + -=(1/2m)[Yo— Yajamt Yoayem— «= — Yom —1)aj2m] (11) 
and 
= Bsmt O5m— ae =(1/2M)[Y jum i” Ysrtamt Ysasim — — Yam ~1 jim] (12) 


To illustrate the use of formule (11) and (12) let us con- 
sider the rectangular wave shown in Fig. 2. By (11) we see 
that all the coefficients of the cosine terms are zero, and by (12) 
if we neglect, as formerly, the 17th and higher harmonies 
we get 
$,5=1/15, 6,,=1/13, 6,,=1/11, 6=1/9, 6,=1/7, 6; _b,,=1/5, 
bs—bo+b,;=1/3, and 6,—,;+b;—..—b,;=1. Hence, we 


find the computed values in the following table :— 


_ Harmonies. Computed | "Tews Harmonics, Computed ‘Tree 
values. | values. | values. | values. 
ES EA . eerie ee 
by 1:224 |; 1275 | by O1ll | O14) | 
bs 0-378 | 0-424 bia 0-091 0-116 
bs 0-267 | 0-255 bis 0-077 0-098 
b, | O143 | 0-182 bis 0-067 0-085 


We see that the error in the computed value of the first 
harmonic due to the method is greater than 4 per cent., and in 
b, and higher harmonics it is greater than 21 per cent. The 
accuracy obtained, therefore, in computing the values of 
b;, by,.. by this method is in this case slightly greater than that 
obtained by the method of areas. In the case of 6,, for in- 
stance, this proves that the neglect of —b,,+0,;—.. pro- 
duces a smaller error than the neglect of b5,/3-++b35/5+.., 
when using the method of areas. If consecutive terms are of 
opposite signs it will be seen that the method of areas would 
determine the amplitudes of all the harmonics much more 
accurately. ; 


Let us now consider the wave shown in Fig. 3. In this case 
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the difficulty arises as to the value we are to assign to the ordi- 
nate when the abscissa has the values 7/3, 27/3, 47/3. ... We 
see that if the value of @ is a little less than x/3, y is 1, but if it 
is greater than z/3, y is 0. It would seem reasonable, there- 
fore, to take (0-++-1)/2 as the value of y and a rigorous mathe- 
matical proof of this can be given. 

From (12) we can show that b,,=0, and from (11) we get that 
Gn, =0; and. 

a,+a,+a,+ay+..=1. 

‘ Ast+Qos+ oe =—1/5, NE ay,=—1/11, @y43=1/13, eee 

Hence, neglecting the 25th and higher harmonics, we get 
the computed values in the following table :-— 


: : Gantpated Trne i ey Computed eerie 
Harmonics. values. | values. | Harmonics. | values. values. 
ay Lise 10s. ye ae | C077 0-085 
ihe 0-200 | 0-221 ees a 0-059 0-065 
| a 0-143 | 0-158 | Gia 0-053 0-058 
os ey | 0-091 | 0-100 || —as | 0-044. 0-048 


The error in the value of a, is about 2 per cent., and in the 
value of a; and the higher harmonics it is greater than 10 per 
cent. 


Comparison of the Series Formule Methods. 


The waves analysed above are discontinuous, and the 
analysis shows that there is an infinite series of harmonics, the 
amplitudes of which are smaller the higher their order. The 
amplitudes of the harmonics, however, diminish slowly as 
their order increases. In both the examples considered above 
the amplitude of the 101th harmonic, for instance, is about 1 
per cent. of the amplitudes of the fundamental. They, 
therefore, put the series methods to a severe test. We shall 
now consider waves which, although they are discontinuous 
and have an infinite number of harmonics, yet approach 
roughly in shape to a sine wave. 

Let us consider, for instance, the wave which has the 
trapezoidal shape shown in Fig. 4. If the length of the 
straight line forming the top of the wave be 1/6, it is easy to 
show by Fourier’s method that the equation to the curve shown 
in Fig. 4 is 


GAAS Fe Lay 2 Le ee 
A [sin ied Drea hs 5 faasin 2). 
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As the wave approximates in shape much more closely to a 
sine wave than the cases previously considered the amplitudes 
of the harmonics are smaller, and we shall, therefore, consider 
the effect that neglecting the 7th and higher harmonics has 
on the accuracy of our results. 


Fic. 4.—TRAPEZOIDAL WAVE. 


Using the area method, we get by formule (9) and (10) 
b,+6,;/3-+b,/5=2/3; b,=0, and 6; =—a/(3-5*). 
Hence, 6,=1-056 (1-053), 6,=0, b;=—0-0419 (—0-0421), - 
the numbers in the brackets being the true values. 
If we use the ordinates method, we get by (11) and (12) 
b,—b,+-b,=1; 6b,=0 and b;=—1/5*. 
Hence, 6,=1-040 (1-053) and 6; =—0-040 (—0-0421). 
Both methods show that all coefficients the orders of which 


y 


rs} Nes x 
Fie. 5.—TRIANGULAR WAVE. 


are multiples of 3 vanish. By taking higher harmonics into 
account the accuracy of the ordinates method could be made 
quite satisfactory in this case, but a very large number of 
ordinates would have to be measured with high accuracy. 

As a further example, let us consider the triangular wave, 


PRACTICAL HARMONIC ANALYSIS. 161 


shown in Fig. 5. By Fourier’s method we find that the 
equation to this wave is 


‘ = te 1 Ped ne 2 
ease sm 732 Sn « Bay es sin Jaa iga ra J. 

The values of the ordinates and the areas required in for- 
mule (10) and (12) can easily be written down. The results 
of computing the harmonics by the two methods given above, 
when the 25th and higher harmonics are neglected are given 


in the following table :— ; 
Harmonics. True values. Formula (10) Formula (12) | 
(areas). (ordinates). 

b, 0-8106 0-8106 0-8129 

—b, 0-0901 | 0-0901 0-0921 

bs 0-0324 0-0326 0-0356 

—b; 0-0165 0-0166 0-0181 

by 0-0100 0-0097 0-0123 

—b,, 0-0067 0-0065 0-0083 

bis 0-0048 0-0046 0-0059 

aye 0-0036 0-0035 0-0044 
b,, 0-0028 0-0027 0-0035 | 

—b,, 0-0022 | 0:0022 0-0028 

bs, 0-0018 0-:0018 0-0023 

—Dos 0-0015 0:0015 0-0019 


In obtaining these results we assume that no less than 49 
areas and 49 ordinates have been accurately measured. It 
will be seen that for all practical purposes the area method 
would be sufficiently accurate. 


Accurate Formule. 


As a general rule it is best to employ methods which aim 
directly at finding the values of the Fourier integrals. When 
the highest accuracy is desired it is essential to use these 
methods. One advantage they possess is that the amplitude 
and phase angle of each harmonic is determined independently 
of the others. In this case we can use the formule (9) to (12) 
to check the accuracy of our calculations. 

To determine a, and b, accurately it is necessary to divide 
the wave-length / into 24 equal parts, and measure the lengths 
of the ordinates Yo, Y1,--Yo3 at the ends and at the points of 
division, the ordinate y,, being equal to yo, as the curve is 


periodic. By (2) we have 
= | : ee ie 
eae y yi 2 


9 VE! A/2 BA/4 nN | 
ts. On. 
A fi ce as Ale “hee Yow 
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Hence, applying Weddle’s rule to each integral separately, 
we get 


23 2a 2a 

a= 75 Yo cos O+- 5 Cos 2 he. cos 4 gat Ye cos 6 24 
f 29 ai. ad 20 
+5( ys cos sats cos 5 a+ by cos 354 


27 2% 
+y, cos 6 gat Ys cos Saat: : | 
1 
= 96 [Avo Yet Yoo — (AY 12 Yet Yi) ] 
V3 
at 80. [YotY22—(Y ot Yu) | 
1 - —" 
a glcos 15°(Y)+-Y23—Y 143) +8 15%(Y 5+ 1g—Y— Yu) ] 


3V2 ; 
Oty ¥e1— eV - = we ee Ry 


Sunilarly, we find that 


em 
b= solYat dye t+ Yi0— (Yast 4yistYo2)h 
/3 


tg9 LY Ys—(YreF Y20)]; 


i ~ is = 1 FR 1 
= 8 [sin 15°(y + 443 —Was—Y 23) + C08 15%(ys+-ys—Y yy 19) 


3V2 
+ Gp st Yo %is—Yar}- 6 eS oe Ae 


Applying these formule to the rectangular wave shown in 
Fig. 2, we get 


a,=0, 
Veta dc Pwr 34/2 
at rT +4(sin 15°+-cos 15°)+ 70 


=1-27324, 
which is correct to the last figure. 
The accuracy of the formula is thus of a high order. In 


everyday work we write sin 15°=0-259 and cos 15°=0-966 in 
(13) and (14). 
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Similarly, taking the same 24 ordinates, we get 


t= 4(Yo -Y12—Yo— Vig) + Yet Yo Yut Yoo 
3 —(Yt+YstYre+Y20) |, 
iG yt Yat Yet Ye YstyrtYrrtYro)] + (15) 


4 V3 | 
2—= 2 Yotyt yi Y16—(Yst Yr Y20tY22)] 


1 
shy FYs+Yist Yxr (YF Yur Y 19+ Yes) | 


Sty, FY1s—(Yot Yor). ee ie ae ie yee LO) 


"90 


a= 71 2yo EYst Y16— (Ys 2419+ Yo0) | 


v2 
ot 16 LY Yet Y1rt- Yea (Yst+ Yr t+ Yist Y19)| 


av 2, 
FG Yor Yis— (YstYor)|- al ae ee 


and 


iJ ; 
b= 75lY2 FY 0+ 2Y 1g— (2Y6+-Y + Yo2) | 


V/2 
46 Yt Yat Yt Y19— Yet Yrt Ys FY23)] 


4 3v2 
ers "yy 


To obtain the same accuracy for a, as that given by formula 
(13) for a, we should have to measure 24 » ordinates. We 
should expect the accuracy of (17), for instance, not to be as 
high as that of (13), as we have taken the same number of 
ordinates in the two cases. Applying (17) and (18) to the 
rectangular wave (Fig. 2), we find that 


rye (Serr Yeile « e «es Me 2 (18) 


ae 3 z 
V/2 38/2 


ba= ZO YO) p= 04243, 


the true value being 0:4244. 
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The formule for the higher harmonics can be written down 
without difficulty, but naturally they are lengthy. 

As a further example let us take the case of the circular wave, 
shown in Fig. 6. The wave-length is taken equal to 2. 

If we only take 12 ordinates over the whole wave-length, 
then by Weddle’s rule, owing to the symmetry of the wave, 


106, =5yYajy2+- V 3yeanet 6Ysa/12> 


and thus 6,=0-5680. If we take 24 ordinates we get 
b,=0-56703, and, finally, if we take 36 ordinates we get 
b,=0-56703. This, therefore, is the true value of b,. In this 


Ire 6.—Crrevutar WAVE. 


case it is easier to get the true value of the Fourier integral by 
the approximate mechanical rule than by analysis. 


Special Formule. 


In certain cases series formule for determining the harmonies 
‘become very simple. 


In alternating-current work, for instance, the positive half 
of the wave is generally exactly similar to the negative half, 
and so @=0, and all the even harmonics vanish. If, in 
addition, /(w)=/(4/2—2), formula (1) becomes 

y¥=/(x)=b, sin (227/A)a-++bg sin 3(2a/A)at+ 2. . 
Hence we easily prove that 


bi—bit+bis—best . . . +Bien—12—Dren—a-f . - 


=(yxnotyan)/Bt+yne/V3 2. 2 ee (19) 
and 


-bs—br+- = 44 + Dion -7—Dien—s+ Sars 
=(Yanetyan)/B+yrp/V3B . 2 . . (20) 
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Zeid we can show that 
D1 9n - 10 


bay bis 12 —11_ 12%-—1 
tatag iis! * Saag ine 


7 A/4 -A/6 >) Dar “alt r/2 
=] 2 in Ce re ~ yor . 2 
vel Io I, PTs | Ves el) 


Gir £0 
and 
b; b; bi; Diy | 
5717" 19! 
ia Ec “A/4 ia é on A/4 A/12 
_ yox ——— —,f | yen. 22 
3h I, | ie a OE I, fanned 
We also have by (10) and (12) 
bs— byt bis— . . . =F [24rpe—Yan] - - . (23) 
and 
b, be _ Qa é rA/6 r/4 pe 
te 2]. = i yan 24 
These equations sometimes enable us to find b,, bs, . . . with 
very little trouble. For example, in the case of the trapezcidal 


AL4 A/6 
wave (Hig. 4), we see at once that /=2z, | yor=r/3. | you 
/ 0 + 0 
As12 


=2/6 and Z yor=1/24. 


Hence, by (21), 
6,+6,,/ll+ ... =1-053. 
And thus neglecting small fractions of the amplitudes of higher 
harmonics of the orders 12n—1 and 12n—11 we get 6, =1-053, 
which is correct to the last figure. 
The equation to the circular wave (Fig. 6) is y=1/7—z2, and 
thus ¥/12=0-3727, yajo=0-4714 and y,4=0-5000. We also have 


A? A/6 ALA 
[ yeu=0-0430, [ yeu—0-1146, and |” yoa—0-1964. 
/0 “0 0 : 


Hence, by measuring three ordinates and three areas only, we 
get by formule (19) to (24) 


COs =0-563 
b;—b, +by,— . =0-019 
psf bya ftSH: beds te =0-569 
6;/5-+b,/7-+b4,/17+ . . . =0-013 
b,—b,+b;,—... =0-500 


b;—by+b,,— sities. =0-088 
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From these equations we might deduce as a first approxima- 
tion that 6,—0-569 (0-567), 6;=0-088 (0-094), &c., where the 
true values are given in brackets. With the possible exception 
ot b,, we have no guarantee of the accuracy of our results, as 
the equations show that the higher harmonics are not negligible, 
and since for a circular wave /’(z)= a, when = is zero there 
must be an infinite number of terms in the Fourier series. The 
true values found by Weddle’s rule are 6,=0-567, b,=0-0942, 
b;=0-0400, b,=0-0252, . . . and as only ordinates need to be 
measured, the accuracy of the data is higher than when areas. 
have to be measured. 

As a final example, let us consider the curve y=xz—2z°+-2* 
(Fig. 7), which is almost indistinguishable from the sine curve, 


iy 


} Se ‘ 
Fie. 7.—BiquaDRAtic WAVE. 
whose equation is y=(5/16) sin ax for values of x between 0: 


— and 1. 
We have 


205 


Yn=5/16, Ya j=22/81, and Yrjy9== 1296" 


aos: if we neglect the 11th and higher harmonics, we get. 
y (19) 


bi=(YanotYam)/3—Yap/V3=0-313 704, 


the true value being 0-313 705. We also have 


“AMA AM rae 
i" yor=x/10, [ yor=61a/1215 and | yor =2632/19440. 
0 


and thus, by (21), 
b,=0-313 705. 
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By Fourier’s method we can show that the equation to the 


curve Is 
9677. Qae, 1 . .2ne 
y=] sin 7 +33 8in 3 ] ee I 


and so the values of the higher harmonics are extremely small. 
This explains the high accuracy attainable in this case by the 
series formule. 
If the alternating-current wave be such that f(z) 
—}f(i/2—~2), its equation must be of the form 


y=f(x)=a, cos (27/A)x-+az cos 3(2a/A)ja+ ... 
In this case we have 


G11, %3 Az 


ayy a Ss ie Be 
il 137937 es Sal + you 


+e Lf ye! + 35 (25) 


a4— 


as Tee ee Orel ee | Ae 
5 ene i 3% I +f) |yee 


Hy 2) yee. sty Wea 


For instance, if we take the wave-form shown in Fig. 3 and 
neglect a,,/11, &c., we get 


a,=F+GV5=1-13 (1-10), 
and ee 081 0-007), 


where the true values are given in the brackets. The large 
errors in this case are due to the very distorted shape of the 
wave analysed. For waves approaching cosine shape the 
accuracy attainable would be far higher. 


Conclusion. 


The results given above prove that it is best to determine the 
values of the Fourier constants dp, 41, A, . DexO et a OL 
a periodic curve directly by mechanical “quadrature. The 

VOL. XXVII. M 
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particular method of quadrature which the author has found 
best is that first suggested by Weddle. In a few cases, es- 
pecially when the function has a point or pomts of discon- 
tinuity, the accuracy of the formule given 1s not of the highest 
order, although sufficient for practical work. In these cases, 
if higher accuracy is desired, it is necessary to subdivide the 
Fourier integrals, taking the limits at the points of discon- 
tinuity and finding the values of the component integrals 
separately by quadrature. 

The various series formule given in the Paper sometimes 
enable us to find the values of the lower harmonics very readily. 
Their main use, however, lies in checking the values of the 
Fourier constants found by approximate formule. 


ABSTRACT. 


Making the assumption that the graph of a periodie function is 
given, the problem of the best way of determining the Fourier con- 
stants in the series equation which represents it is considered. The 
ordinary method of procedure is to neglect all the harmonies above a 
certain order and determine the coefficients of the harmonic terms by 
making the curve represented by this equation pass through a rumber 
of arbitrarily selected points on the given curve. This is the method 
used, for instance, by Runge and Grover. A serious defect in this 
solution is that the values found for the amplitudes of the harmonies, 
more especially for the higher harmonics, may be very different from 
their true Fourier values. The method gives no indication of the 
magnitude of these errors. Gauss pointed out many years ago that 
the solution of this limited problem could be written down at once 
mathematically, and that it was of importance in certain inter- 
polation problems in astronomy. Another method has been sug- 
gested recently by Silvanus Thompson. He uses certain series 
formule for finding the Fourier constants. The author suggests 
other series formule of a similar kind. If the given curve be approxi- 
mately sine shaped so that the amplitudes of the higher harmonics 
are small, this method is both simple and accurate. For distorted 
waves, however, the lack of accuracy is serious in practice. It has 
also the drawback that an error made in computing the value of one 
of the constants may introduce errors in the computed values of 
others. The author gives numerical examples to illustrate the 
accuracy attainable by the use of infinite series formula. He con- 
cludes by pointing out that in the great majority of cases much the 
best method of procedure when determining the constants is to 
evaluate Fourier’s integrals by the methods of mechanical quadrature 
given in books on the calculus of finite differences. In particular he 
has found that Weddle’s rule is admirably adapted for the practical 
computation of the Fourier integrals. By means of this rule, a new 
and simple proof of which is given, each constant is determined 
Separately to a high order of accuracy. Numerical examples are 
given to illustrate this. The series formule used by Thompson can 
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be usefully employed either for verifying the values found by mecha- 
nical quadrature or for indicating when the higher harmonics cannot 
be neglected. 


DISCUSSION. 


_ The PrestpEnt thought the best way of impressing on students the 
importance of Fourier’s theorem was to begin with the fundamental and 
add the successive harmonics one at a time, thus showing how the 
resultant curve approximates more and more nearly to the analysed 
original. In the problem treated by the Author the periods were selected 
arbitrarily. Very often it was necessary in practical problems to deter- 
mine both the coefficients and the periods of harmonic constituents. The 
inverse process was performed in mechanical integrating machines, such 
as Kelvin’s tide predicting machine, in which the curve resulting from 
the integration of a number of harmonic constituents of known amplitude 
and period was obtained. 

Prof. 8. P. Taomeson thought any method which would give increased 
accuracy in the determination of the higher harmonics was welcome. He 
had suggested in a recent Paper that one should begin with the higher 
harmonics and work backwards towards the lower. This had the defect 
that any error in the initial determinations tended to accumulate. He 
wished to challenge the accuracy of Weddle’s rule. He applied it to the 
case of an isoceles triangle, the length of which was three times the base. 
Dividing it into six parts and applying Weddle’s rule, the area is given 
as 1-6 (the base being 1) instead of 1-5. He thought this rather dis- 
countenanced Weddle’s rule, except for very smooth curves. It had long 
been desirable to have some harmonic analyser which would pick out a par- 
ticular period without previous knowledge as the ear does in the case of 
sound. This was done to a certain extent in Schuster’s periodogram. 

Mr. F. J. W. Wureete, criticising Prof.S. P. Thompson’s example of the 
triangle, said that a triangle could not be regarded as the simplest curve 
through the six points chosen. If we have a smooth curve which is 
periodic, and apply Weddle’s rule to the area included by a complete 
period divided by, say, six ordinates, we would get six separate values 
of the area if we start respectively at yo,y1, Y - - . Taking the mean of 
these we get the simple well-known expression 


B(YotYitYotYstYsty)- 


He showed two slides showing a simple way by which an interpretation 
of a Fourier series, such as 


sin 6+sin 30/3+ sin 50/6...-+ . &e. 


is easily obtained. 4, 

The AurHor, in reply, agreed with the President that one of the best 
ways of impressing the meaning of Fourier’s theorem on the mind of 
the student was to construct graphically the curves formed by adding 
in succession the various harmonics to the fundamental, thus illustrating 
how the resulting curves approximated more and more to the shape of the 
original wave analysed. Michelson and Stratton have constructed a 
machine for drawing these curves automatically. It is described 
in the “Phil. Mag.’ for 1898, and many curves illustrating its use 
are shown. They show, for instance, the curves obtained by adding 
together three terms, five terms, seven terms, twenty-one terms and 
seventy-nine terms respectively of the Fourier series for a rectangular 
wave. The last figure they obtain is almost indistinguishable from a 
rectangle. He also referred to Arthur Wright’s device for finding the 
harmonics electrically. Prof. Thompson points out that when Weddle’s 
rule is applied to an isosceles triangle the error is nearly 7 per cent. The 
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reason of the large error is that the vertex of a triangular wave is a point 
of discontinuity. As mentioned in the Paper, therefore, Weddle’s rule 
ought to be applied over each half of the base separately. When this is 
done the correct answer is obtained. Disappointment at the lack of 
accuracy sometimes obtained when this rule is applied indiscriminately 
is doubtless responsible for its neglect by many mathematicians, not- 
withstanding the high commendation passed on it by Prof. Boole nearly 
60 years ago. It has a sounder theoretical basis than any similar rule, 
and in conjunction with the series formule given in the Paper it affords 
a method in many cases, possibly the only method, of computing the 
Fourier constants with high accuracy. The Author much appreciated 
Mr. Whipple’s graphical method of showing how the sum of Fourier’s 
sine series for 7/4 gradually approximated to this value. 


MEASURING FOCAL LENGTH. Al 


XJ, Measuring the Focal Length of a Photographic Lens. By 
T. Suir, B.A. 


RecretrveD NoveMBER 26, 1914, 


THE principal focus of a lens of focal length / is at a distance 
{F//' from that of the combination of focal length F formed by 
placing in front of the first lens another of focal length /’. 
This suggests a simple method of finding the focal length of a 
photographic lens, which can be divided into two parts, each 
capable of producing a real image of a distant object. Let 
j and f’ be the focal lengths of the two components, and F that 
of the complete lens. Set up the whole lens in the camera, and 
focus a distant object sharply on the ground glass. Now 
unscrew the front component of the lens from its mount without 
disturbing the rest of the lens, and measure the distance d 
through which the ground glass has to be moved for the same 
object to be sharply focussed by the back component used 
alone. Then 

fF. 

i 


Next, take the whole lens out of the camera, and insert it 
the other way round, so that what is usually the back com- 
ponent is now in front. Focus as before with the complete 
lens for a distant object, and measure the displacement of the 
ground glass necessary to focus the same object when the com- 
ponent now in front is removed Denote this distance by d’, 


d 


(1) 


Then a5, (2) 
or, combining (1) and (2), 
|e Ws YP Fe a Ma Ree OWN EY) 


This method avoids the difficulty of measuring exactly a 
transverse magnification, and also is not subject to errors 
arising from want of parallelism of object and image, from 
distortion and other oblique aberrations. When, as is often 
the case, the two components are equal, a single measurement 
suffices, the formula then reducing to 


F=<d, 
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When the two components are unequal, the ratio of their 
focal lengths is determined by 


iHf=VdJé. 3... «= 2 


The results (3) and (4) may be readily proved by noting that 
the positions in which the images are formed by the separate 
components are conjugate foci for the complete lens—viz., that 
pair of conjugate foci for which the beam of light between the 
two components is parallel. 

When the separation of the two components of a lens com- 
bination can be increased by a known amount ¢, the focal 
length of either component can be found directly. Suppose 
that with this increased separation the focal length of the 
combination is F’, and the distance between its principal focus 
and that of the back combination alone is d’. 


ne re et —— * 
AEN any cite aes 
and va. (6) 
The elimination of F and F’ between (1), (5) and (6) gives 
iy 
Nip) +. 7 


for finding the focal length of the back component. This 
result again is at once obvious from the ordinary expression 
for longitudinal magnification, since the principal foci of the 
front component and the focussing screen are in all cases in the 
positions of conjugate foci for the back component. 

For the measurement of d”, when the lens mount has no 
means of adjustment, the front component can be conveniently 
fixed at one end of a short tube of metal or cardboard, the 
other end of which slips over or into the ordinary mount. 

When / has been found, equation (4) gives /’, the focal 
length of the front component. 

A number of interesting variations suitable for exercising the 
ingenuity of a student will suggest themselves, e.g., to find the 
focal lengths of a compound lens, such as the “ Tessar,” and of 
its components, one of which is diverging, when another con- — 
verging lens of unknown focal length is provided as an auxiliary. 


ABSTRACT. 


The focal length of a compound lens is obtained solely by focussing 
on the camera screen the image of a distant object on the lens axis 
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by the comiplete lens and by each of its components separately. One 
additional focussing of the same object when the separation of the 
components is altered determines the focal lengths of each com- 
ponent. The method is both accurate and quick, and requires only 
a camera and the lens. 


DISCUSSION. 

Dr. A. Russext thought the method was extremely neat and likely to 
become very widely used by those who had such measurements to perform. 

Prof. G. H. Bryan, in a communication which was read by the Secretary, 
described a “ rough and ready ” method which he had used to find the focal 
length of a lens when nothing was available but a photograph taken with the 
lens of some suitable object, such as a rectangular building (Fig. B). The two 
infinity points of perspective 7’ and j’ are found by producing the horizontal 
lines of the building until they meet. The centre X of the picture is found, 
and through it a line is drawn perpendicular to i’j’, cutting it at a point, h’. 
On @’j’, as hypotenuse, a right-angled triangle, i’N’j’, is constructed, with its 
apex. N’, on the perpendicular through X. Then, if X is on or near?’j’, h’N’ 
is the focal length of the lens. Ifthe angle of the building is not 90°, but 
some other angle, 6, then angle i’/N’j’ should also be 6. To get greater 
accuracy, with centre X% and radius h’N’ cut 7’j’ in Q. . Qh’ is then equal to 
the focai length. 

The AurHoR, ina partly communicated reply, commented on Prof. Bryan’s 
construction, which, he said, was very neat so far as it went; but had the 
misfortune to be incorrect in general. It would not be difficult to find cases 
in which the result of measurements by this method would differ from the 
focal length of the lens employed by as much as 75 per cent. When the 
effect of the position of the stop, which limits the beam of light transmitted 
by the lens, upon the perspective of the projection of a solid object on a 
plane is adequately considered it will be seen that the length obtained by 
Prof. Bryan’s construction is not necessarily the focal length of the lens, but 
is merely the distance from which the picture should be viewed to secure a 
correct impression of the view. 

It may be noted in passing that the length obtained by this construction 
is liable to a number of errors which are frequently by no means negligible. 
Apart from those due to distortion, &c., the result would be affected by 
trimming the print unequally on the two sides, and considerable trimming 
is the rule rather than the exception. The more exact method mentioned 
appears to be incorrect even when Prof. Bryan’s assumptions are adopted, 
for in taking such a photograph the plate would be vertical, the lens axis 
horizontal and the proper amount of subject included on the plate by 
employing the rising front of the camera. The perspective of the photograph 
of a solid object is determined, not by the focal length of the lens, but by the 
position of the stop which limits the light beams that are transmitted by the 
lens.. In Fig. A let CDE represent in plan part of the exterior of the building 
of which a photograph is to be taken ; let N be the position of the front nodal 
point of the lens, and L the centre of the effective limiting stop. If the 
actual stop is behind some of the component lenses L will be the (virtual) 
image of its centre in that part of the lens system which is situated in front 
of the stop. Assume that the lens gives an image of a plane object free from 
aberrations, and in particular from distortion, curvature and astigmatism. 
Let IHGJ be the plane focussed on and ihgj its image. The rays from a 
point, E, on the cottage, not in the plane focussed for, which eventually pass 
through the lens, fill a cone whose vertex is E and base a circle, centre L, 
parallel to the plane of the plate. This cone will meet the plane [HGJ in a 
circle, centre G, and what passes as the image of E on the plate is an image 
of this circle. If the stop is sufficiently small this circular image will be 
indistinguishable from a point, and we may for the purposes of this argument 
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consider only the principal ray of each beam of rays from any point of the 
object. All these principal rays will be directed towards L. So far as the 
lens is concerned and the image which it produces on the plate, each point E 
of the building may then be replaced by the point G, in which EL meets the 
plane focussed on. The photograph is a copy on a definite scale of the pro- 
jection thus obtained on this plane, and may be determined by joining each 
point G to N and (taking in the usual way for graphical construction the 
two nodal points in coincidence) producing this straight line on to meet the 
image plane ing. The vanishing points I and J for horizontal lines in the 
directions CD and DE are obviously found by drawing LI and LJ parallel 
to these directions, meeting the focussed plane in Iand J. The images? and ) 
of these points determined by the usual construction are the vanishing points 
for the photograph. 

_ In Fig. A the point L is shown much nearer to the plate than the nodal 
point N, and in Vig. B, where corresponding accented letters are used, the 
case is shown where L’ is in coincidence with the nodal point. In both 
diagrams the focal length of the lens is the same, and the positions of the 
principal planes are identica]. The two pictures differ very much from one 
another in their perspective and in the values of the lengths obtained by the 
construction suggested. The only parts of the two pictures in which the 
dimensions are equal are those such as Pp, P’p’, in which the plane focussed 
forintersects the building. Itis clear from these diagrams that the perspective, 
with a perfect lens such as is always assumed in considering elementary laws, 
depends on the position of the stop alone. Ifa lens of a different focal length 
were used to depict the same object, with its effective stop in the same 
position L, the perspective of the photograph would be exactly like that of 
Fig. A, though the two pictures would differ in size. Fig. B is the kind of 
case which Prof. Bryan has assumed to be general. This assumption is 
correct when the image is formed by a thin lens whose boundary is the 
limiting aperture, or when the lens is composed of two equal and similar 
components, with a stop place] symmetrically midway between them ; but 
many lenses are by no means like this. As extreme forms we have telephoto 
combinations, which are simply systems in which the nodal point N is 
situated a considerable distance in front of L, and at the same time the lenses 
are kept of reasonable dimensions by constructing them of a converging 
system situated in the neighbourhood of L, followed by a diverging system 
between the converging system and the plate. 

The foregoing considerations make it clear that Prof. Bryan’s interesting 
construction cannot be relied on to give even a rough indication of the focal 
length of the lens by which a given photograph has been taken. 

Prof. G. H. Bryan communicated the following note in reference to the 
points raised by the Author in his reply : Referring to Fig. A, let M be the 
point on HN/ at which 7j subtends a right angle in the case of a rectangular 
building (or in the more general case an angle equal to the angle between 
the faces of the building). Then Mh is the length F, which I take for the 
focal length of the lens, while, according to Mr. Smith’s construction, the 
focal length F should be Nh. (Of course this is the focal length as focussed 
on the object, and differs from the true focal length by the distance the lens 
has been displaced from the infinity position.) Now, it will be seen from 
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If the camera is focussed on a building or other object (as implied in the words 
‘‘ suitable object ” in my note) whose distance is large compared with the 
distance LN, F, will be very approximately equal to F. If the camera is 
focussed for parallel rays the construction will be exact, at any rate under 
the assumptions involved in Mr. Smith’s arguments. When writing the note 
I never contemplated the possibility that the method would be applied in 
cases where the dimensions of the optical system were comparable with the 
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distance of the object to be photographed. Mr. Smith admits that the 
method would be correct if the shop were placed at the optical! centre of the 
system. If this is not the case, distortion of the image may take place, and 
in such cases errors would undoubtedly occur. As regards the effect of 
unequal trimming, the error introduced will be small if the faces of the 
building make angles of about 45 deg. with the line of sight. But the object 
which I had in view in connection with this method was to ascertain how 
wide-angled a lens would be required to take in the whole of an architectural 
subject of which a photograph was available, and it is clear that, if the 
picture has been trimmed, the estimate will be more than sufficient. The 
accuracy of the method, of course, depends on the accuracy with which’ the 
infinity points can be constructed in the photograph, and consequently, the 
method is limited to lenses which are not too narrow angled. I consider 
that the method is, therefore, correctly described in my note as a “ rough- 
and-ready ”’ method which is convenient for purposes such as those sketched 
out, for which Mr. Smith’s methods would be unsuitable. A photographer 
using the method with camera in his own possession would naturally select 
a “‘ suitable object,” as suggested in my note, and would avoid using a rising 
front or trimming his print. In such cases it is impossible that the errors 
could approach anywhere near Mr. Smith’s estimate, unless the lens system 
possessed excessive distortion. As regards the use of the method in cen- 
nection with photographs taken under unknown conditions by other people, 
the method will certainly indicate conditions under which a similar photo- 
graph may be taken, and even in these cases it is difficult to see how the 
errors could possibly be so great as Mr. Smith estimates. 

Mr. W. J. Hatt (communicated) said that he had tried Prof. Bryan’s 
method and found with a Cooke lens (nominal 5-5” focal length (values 5-56", 
5-90”, 5-63”, 5-49” and 5-50” for the focal length, the distance between , the 
lens and object being varied. With another lens of a different type, of which 
the focal length as determined by the very accurate method of Mr. Smith, 
was 14:60 cm., he obtained by Prof. Bryan’s method 14-43 em., 14-29 em. 
and 14:50 cm. at different trials. 
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XU. The Polyscope and its Projection. By Prov. A. W. 
Bickerton, A.R.S.M. 


SHOWN at THE MEETING on JANUARY 22, 1915. 


THe instrument consists of three narrow strips of plate glass 
about a foot long, arranged as a truncated pyramid. The 
object end has an area of about a quarter of a square inch, 
while the eye end is made very small (about a twentieth square 
inch) in order to get the maximum number of reflections. To 
get geometrical accuracy in the inter-facial angles the edges of 
the strips overlap instead of being butted. Three types were 
shown. In No. | the cross-section is an equilateral triangle. 
This produces, the simplest type of pattern.- In No. 2 the 
section is a right-angled isosceles triangle. This produces 
patterns with two centres of symmetry of eight reflections each 
and one of four reflections. In the third type the angles are 
30 deg., 60 deg. and 90 deg. This produces patterns in which 
one centre has 12 reflections, one six and one four. When a 
group of nondescript objects are viewed through the instru- 
ment, an exquisitely coloured symmetrical pattern may be 
seen. the character of which changes continuously as the object 
is moved about. 

Suitable slides can readily be constructed by mounting pieces 
of coloured gelatine, fragments of lace, bits of wire, &c., on 
glass. 

The designs were shown projected on a screen, a narrow 
beam of light from an arc lamp being passed through the 
polyscope, which was moved about until the maximum illu- 
mination was obtained. The beam before reaching the object 
slide passed through a water tank and a ground glass plate 
to ensure uniform brightness. : 

The instrument forms an invaluable aid to designers of tiles, 
floorcloths, fabrics, &c., as an innumerable sequence of designs 
can be reviewed by the arcist in a short time, those which give 
satisfaction being sketched or photographed. If the slide 
is suitably mounted and moved reasonably slowly it is quite 


easy to repeat any particular pattern. 
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